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Flowing granular materials segregate due to differences in particle sizesdriven by percolationd and density
sdriven by buoyancyd. For noncircular tumblers the additional interaction between the segregation mechanisms
and chaotic advection complicates the physics. Experiments are performed using a bidisperse mixture of equal
volumes of different sizes of steel and glass beads in a quasi-two-dimensional square tumbler. Mixing is
observed instead of segregation when the denser beads are larger than the lighter beads so that the ratio of
particle sizes is greater than the ratio of particle densities. This can be expressed in terms of the particle
diameters and masses asdheavy/dlight. smheavy/mlightd1/4. Segregation patterns vary from a semicircular core
when the fill level is below 50% to more complicated patterns including lobes and streaks for fill levels above
50%. Temporal evolution of segregated patterns is quantified in terms of a “segregation index”sbased on the
area of the segregated patternd to capture both the rate and extent of segregation at different particle properties.
The circular and noncircular tumblers have no significant difference in the segregation index, even though the
segregation patterns differ significantly.
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I. INTRODUCTION

The current understanding of dry granular mixing is not
sophisticated. Unlike fluids, the flow in a “mixer” does not
necessarily lead to mixing. When flowing, granular materials
often segregate due to differences in particle properties—size
and density differences often being the key drivers. Ex-
amples of granular segregation exist in naturesavalanches,
riverbeds, etc.d as well as industrial applications such as
blenders and rotating kilns. Attempts to understand the flow,
handling, and characterization of granular materials date at
least half a century backf1–3g. Considerably more is known
about granular flow thanks to efforts in both the physics and
engineering communities over the last decadef4–7g. Despite
this research, there are many practical questions that remain
unanswered.sid Can segregation be reduced or eliminated by
controlling the particle properties?sii d How does the shape
of the tumbler affect granular segregation?siii d How do the
mechanisms for size segregation and density segregation in-
teract with each other?sivd How does chaotic advection due
to a noncircular tumbler geometry interact with size and den-
sity segregation?

The focus of this work is to understand granular segrega-
tion for dry particles having different sizes and densities in a
quasi-two-dimensionalsquasi-2Dd noncircular rotating tum-
bler that is partially filled with granular material and is ro-
tated about its horizontal axis to produce a circulating flow
of the granular material. The bulk of the material rotates as a
solid body. However, the granular material flows along the
sloped surface in a narrow surface layer of thicknessd due to
gravity, as shown schematically in Fig. 1 for a square tum-
bler. The process of segregation takes place in this narrow

surface layer due to size or density differences. For particles
that differ in size onlyscalled S systemsd, smaller particles
snake through the interstices between the larger particles and
deposit near the top of the fixed bed as a semicircular segre-
gated core. This mechanism is called “percolation.” A similar
process occurs for particles that differ in density onlyscalled
D systemsd, except that in this case lighter particles rise to
the surface of the flowing layer while heavier particles sink
down and accumulate at the top of the fixed bed. Thus,
“buoyancy” is the driving mechanism behind density segre-
gation. A number of studies have been performed to under-
stand size or density segregation alone in a rotating tumbler
f8–13g. Thomasf14g considered how the relative concentra-
tion of beads of different sizes but the same density affects
segregation. At a lower size ratio, geometrical effectssper-
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FIG. 1. Schematic of the square rotating tumbler geometry with
the coordinate system and other parameters. Streamlines are
sketched as dotted curves.
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colationd force the larger beads to the free surface. As a
result, these beads are located close to the periphery of the
tumbler when entrapped in the fixed bed. As the size ratio is
increased, the mass of the larger beads becomes important
and opposes these geometrical effects. At size ratio greater
than 5, a segregation reversal takes place with larger beads
sinking into the core while the smaller beads are located at
the periphery of the tumbler.

A complicated situation occurs when the particles differ in
both size and densitysSD systemsd. A relatively large body
of literature exists related to the study of the “Brazil nut
effect,” which is essentially percolation due to vertical vibra-
tion, named for the property of larger Brazil nuts to rise to
the top of a container of mixed nuts upon vibration. Most
Brazil nut studies were carried out with a single large particle
in a sea of small particles, which is not pertinent here. How-
ever, a handful of studies considered bidisperse mixtures of
particlesf15,16g. Based on the competition between periodic
percolation and condensation, Honget al. f16g predicted that
percolationsthe Brazil nut effectd will occur when the ratio
of large to small particle diameters exceeds the inverse of the
ratio of large to small particle densities. In the opposite case,
the “reverse Brazil nut effect” results in larger particles sink-
ing to the bottom of a vibrated container.

Here we study the segregation of particles of different
sizes and diameters in the flowing layer of a rotating tumbler.
We use the Brazil nut effect as a comparison point, as it is
the only possible point of reference. However, the physics of
the Brazil nut case is very different from our case of rotating
tumbler. In a rotating tumbler, the segregation occurs con-
tinuously due to constant dilation of a thin gravity-driven
granular flowing layer rather than due to periodic dilation
and condensation of an entire bed of particles with no net
flow taking place for the case of the Brazil nut effect. In a SD
system in a tumbler, one possibility is that smaller particles
are also heavier than the larger particles. In this case perco-
lation and buoyancy act together causing the smaller and
heavier beads to drift to the bottom of the flowing layer to
form a core region at the center of the fixed bed while the
larger and lighter particles remain in the flowing layer to end
up at the periphery of the fixed bed. However, our experi-
mental work on circular tumblers showed that in some cases
this leads to the formation of radial streaks instead of a semi-
circular core due to the greater “fluidity” of the smaller,
heavier particlesf17g. The streak formation was very sensi-
tive to particle size and did not occur if the difference in
particle size was either too large or too small.

The other possibility when granular materials differ in
both size and density is that smaller particles are also lighter
than the larger particles. In this situation, percolation and
buoyancy oppose each other. Buoyancy drives the larger and
heavierbeads toward the core and smaller andlighter beads
toward the periphery. Conversely, percolation drives the
smaller and lighter beads toward the core andlarger and
heavier beads toward the periphery. This interplay between
percolation and buoyancy can lead to mixing instead of seg-
regation in a circular tumbler under certain conditionsf17g.
The segregation for steel and glass beads in a circular tum-
bler is reduced when the diameter of steel beadssdsd is more
than twice the diameter of glass beadssdgd. Mixing occurs

with no segregation at all when the ratio of the heavy to light
particle sizes is between 10 and 20. At particle size ratios of
1.5 and above, percolation dominates the granular segrega-
tion, while for particle size ratios less than 1.5, segregation is
dominated by buoyancy. For particle size ratios between 1.5
and 2, percolation dominates buoyancy, but the segregation
pattern is complicated. A band of glass beads forms near the
periphery of the tumbler in addition to glass beads forming a
relatively small core, with a band of steel beads between the
core and the periphery of the tumbler.

Prior to our work, Drahun and Bridgwaterf18g, Alonsoet
al. f19g, and Metcalfe and Shattuckf20g studied granular
segregation involving particles of different sizes and densi-
ties in a rotating tumbler. The parameter space considered in
our previous study was much broader than the studies of
Drahun and Bridgwater, Alonsoet al., and Metcalfe and
Shattuck. The size ratiosdheavy/dlightd and mass ratio
smheavy/mlightd of heavier to lighter beads was varied up to 20
and 24 000, respectively, in our study compared to 4 and
190, respectively, in the other three studiesf21g. Further-
more, these studies focused primarily on finding the combi-
nation of particle size and density at which segregation is
eliminated. They did not investigate the variety of segrega-
tion patterns that can appear including streaks and bands of
heavier beads between lighter beadsf17g. In spite of the
differences in types of granular flow in these studiessava-
lanching vs rolling regime, free surface flow vs flow in a
tumblerd and differences in methods to measure segregation
sinvasive sampling, magnetic resonance imaging, digital im-
agingd, there is one surprising commonality. It appears that
segregation is reduced when the size ratio of heavier to
lighter beads exceeds the density ratio of heavier to lighter
beadsf17g.

Nearly all of the studies on granular segregation in tum-
blers have been done using tumblers with a circular cross
section. More recently, there has been both experimental and
computational work that deals with two-dimensional and
three-dimensional tumblers of noncircular cross sections us-
ing particles that differed either in size but not density or in
density but not sizef22–24g. The segregation mechanism in
such a tumbler is quite complex, since the underlying flow is
chaotic. For both circular and noncircular tumblers stream-
lines are concentric semicircles in the fixed bedsbecause it
rotates as a solid bodyd and nearly straight lines parallel to
the free surface in the flowing layer as sketched in Fig. 1. If
streamline plots obtained at different time instants are over-
laid, the streamlines superimpose for a circular tumbler.
However, for a noncircular tumbler, the flowing layer
changes thickness and length depending on the orientation of
the tumbler. This results in streamline crossing in the flowing
layer f24g. It has been shown that streamline crossing leads
to chaotic advectionf25g. Hill et al. f23g described the inter-
play between chaotic advection and segregation for the case
of granular materials in circular and noncircular geometries
using particles that differed only in either density or size.
They observed that in a noncircular tumbler geometry
ssquare or ellipsed, the segregation patterns differ substan-
tially from that in a circular geometryf23g. In addition, the
segregation patterns also change dramatically with the fill
level for noncircular tumblers. For fill levels below 50%, the
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segregation pattern resembles the “classical” semicircular
core patternsobserved for circular tumblersd. However, for
fill levels of 50% and above, the segregation pattern differs
significantly from the “classical” semicircular core, having
radial streaks or lobes.

It is important to place the granular system and the under-
lying flow in the tumbler in the context of recent studies.
Studies on eitherS or D systems have been conducted for
steady flowsf10g and in time-periodic flows: periodic forc-
ing caused either by geometry of the tumblerf23g or by the
angular velocity of the tumblerf26g. All of these studies
show that the granular systems segregate in a way that
clearly mimics the underlying structure of the flow. Studies
on SD systems have only been conducted in circular tum-
blers where the flow is steady. The central objective of the
current work is to explore how time-periodic flowsschaotic
advectiond in a noncircular geometry interact with mixing
and segregation of particles that differ in both size and den-
sity and compare the outcome with our previous results on a
circular tumbler. Prior work onS and D systems suggests
that in a noncircular tumbler the competition between chaos
and segregation leads to a wide variety of segregated patterns
f23g. For SD systems, there is an additional competition be-
tween the mechanisms driving segregationspercolation vs
buoyancyd and the interaction between chaos and segrega-
tion.

II. EXPERIMENTAL PROCEDURE

The square tumbler used in the quasi-2D experiments is
shown schematically in Fig. 1. Although the square tumbler
offers complexity in terms of chaotic advectionsthe key mo-
tivation for this studyd, it is also a simple geometry. A square
tumbler is a rotationally symmetric mixer and therefore, has
the simplification that for a half-filled tumbler the center of
the flowing layer coincides with the center of the tumbler. As
a result of this simplification, there is no vertical motion of
the flowing layer for different orientations of the tumbler,
and the shape of the flowing layer is symmetric with respect
to its midpoint at low rotational speeds, as shown in Fig. 1.

The flowing layer is key to the flow and segregation of
granular materialsf27g. In order to have an accurate com-
parison between the segregation results for a circular tumbler
f17g and a square tumbler, it is important that the length of
flowing layer in the circular tumbler be equal to the time-
average length of the flowing layer in the square tumbler.
Based on geometry, the average length of the flowing layer
s2Ld for a square tumbler of sidesWd assuming a 50% fill
level is

2L =

WE
0

p/4

secu du

p/4
= 1.12W s1d

whereu is the angle that the side of square tumbler makes
with the horizontal. In our previous work, we used a 28 cm
diameter circular tumblerf17g. In order to match the condi-
tion in Eq.s1d, the length of the square tumblersWd is 25 cm.
The front faceplate of the tumbler is clear acrylic to permit

optical access. The back surface of the tumbler is also made
of clear acrylic to ensure similar boundary conditions on
both sides of the tumbler. A stepper motor and micro series
driver combinationsSLO-SYN®d are used to rotate the tum-
bler at a rotational speedsvd of 0.21 rad/ss2 rpmd, corre-
sponding to a Froude number Fr=v2L /g of about 6.3
310−4, whereL is the average half length of the flowing
layer. A limited number of experiments are performed at ro-
tational speeds of 0.105 rad/ss1 rpmd, 0.42 rad/ss4 rpmd,
0.84 rad/ss8 rpmd, and 1.68 rad/ss16 rpmd to determine the
sensitivity of granular segregation to rotational speed.

Similar to our previous workf17g, spherical chrome steel
beads of density 7.5 g/cm3 with diameterssdsd ranging from
1 to 4 mm and glass beads of density 2.5 g/cm3 with diam-
eters sdgd ranging from 0.2 to 4 mm are used for experi-
ments. The ratio of the length of the tumbler sidesWd to bead
diameter ranges from 62.5 to 1250. In all experiments, the
dimensionless axial length of the tumbler,t, is set to 3.2
times the diameter of the larger beads in order to maintain
similarity with respect to the particle diameter. Choosing the
appropriate tumbler thickness when studying granular segre-
gation is a bit of a balancing act. A thickness that is very
small can lead to end wall effects, while too large of a thick-
ness can lead to axial segregationf22,28g.

Experiments are conducted using a 50-50 volume fraction
of steel and glass beads. Beads are initially well mixed. Im-
ages are obtained with a TSI® charge-coupled device camera
for the initial condition and every 1/8 rotation thereafter to
allow quantitative image analysis. Twenty different experi-
ments are performed using various combinations of steel and
glass beads. In four cases, the sizes of the steel and glass
beads are identical so segregation is driven by density alone.
In six cases, the steel beads are smaller than the glass beads
s0.25øds/dgø0.75d, so that percolation based on sizesSd
and buoyancy based on densitysDd act in the same direction,
denoted “S+D.” For the remaining ten cases, the steel beads
are larger than the glass beadss1.33øds/dgø20d, denoted “
S−D,” since the percolation and buoyancy oppose one an-
other. After each experiment steel and glass beads are sepa-
rated using a magnet. During this process, steel beads ac-
quire a small residual magnetism and tend to be attracted to
other steel beads. Therefore, after separating the beads, the
steel beads are demagnetized.

III. RESULTS

First, consider the results for theD system when the steel
beadssdarker areasd and glass beads are of the same size,
shown in Fig. 2. Granular segregation is fast and similar in
both a circular tumbler and a square tumbler—heavier steel
beads accumulate in the center of the bed, while the lighter
glass beads segregate toward the periphery. However, time-
dependent changes in the flowing layer length and thickness
result in streamline crossing, which in turn causes the segre-
gation patterns in a square tumbler to differ significantly
from those of a circular tumbler, consistent with previous
results in a square tumbler forSandD systemsf23g. At a fill
level of 50%, the segregation pattern in the square tumbler
has “lobes” with two high concentration regions of steel
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beads nearly reaching the corners of the square. The lobed
structure is a bit difficult to see in Fig. 2. However, note that
the band of glass beads at the periphery is thicker at the
center of the base of the particle bed than near the corners.
Likewise the glass bead layer is thicker at the top of the sides
of the bed. These are characteristics typical of the lobed
structure often seen in square tumblersf23g. Hill et al. f29g
suggested that the lobed structure is related to the location of
regular regionssKolmogorov-Arnold-Moser islands or ellip-
tical pointsd. For a 50% full square tumbler, these regular
regions are located midway between the center and the cor-
ners of the tumbler. Heavier particles thatsink or smaller
particles thatpercolateto the regular regions are likely to be
mapped back to the same position after each rotation. These
regions continue to grow with time into lobe-shaped patterns
because both the original particles in these regions are
mapped to the same position and the new particles from the
flowing layer sink or percolate into the regular regions.

Next, consider the case when both the size and the density
of particles are different with the steel beads smaller than the

glass beads, anS+D system. Figures 3sad–3scd show the seg-
regation pattern after 20 revolutions for 1 mm steel beads
and 2, 3, and 4 mm glass beads at a fill level of 50%. Once
again, granular segregation is fast with both buoyancy and
percolation forcing the steel beads toward the center of the
tumbler forming a lobe pattern. The lobes are narrower and
more distinct for the case of smaller glass beadssds/dg
=1/2 or 1/3d than for the larger glass beadssds/dg=1/4d.
This is consistent with previous results forS+D systems in
circular tumblers where thin radial streaks occur for 1 mm
steel beads with 2 and 3 mm glass beadssds/dg=1/2 or 1/3d
f17g. These streaks formed as a consequence of the higher
fluidity of the smaller steel beads compared to the larger
glass beads. For the case of 1 mm steel and 2 mm glass
beads, the steel beads flowed at a speed more than twice that
of the glass beadsf17g. As the size of glass beads was in-
creased to 4 mm, the segregation pattern reverted back to the
classical core because of the strong percolation flux counter-
acting the fluidity. Similar reasoning can explain the results
for square tumbler shown in Figs. 3sad–3scd. For smaller
sized glass beadsfFigs. 3sad and 3sbdg, the fluidity of the
steel beads in the flowing layer allows most of them to reach
the downstream side of the tumbler before percolating
through the interstices between the glass beads resulting in
narrow lobes. For 4 mm glass beadsfFig. 3scdg, the steel
beads percolate down through the flowing layer more
quickly, counteracting the effect of the fluidity of the steel

FIG. 2. Granular segregation in half-filled circular and square
tumblers for 3 mm glass and steel beadssD systemd resulting in
“classical” core formation for the circular tumbler and lobes for the
square tumbler. Experiments are performed at 2 rpm and images are
taken after 20 rotations.

FIG. 3. Segregation patterns when buoyancy and percolation
reinforce each othersS+Dd in a half-filled square tumbler.sad–scd
for 1 mm steel beads and 2, 3, and 4 mm glass beads, respectively
sds/dg=0.5, 0.33, 0.25d; sdd, sed for 2 mm steel beads and 3 and 4
mm glass beads, respectivelysds/dg=0.66, 0.5d; andsfd 3 mm steel
beads and 4 mm glass beadssds/dg=0.75d. Experiment is per-
formed at 2 rpm and images are taken after 20 rotations.
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beads, thereby reducing the sharpness of the lobes.
Similar segregation patterns also occur for steel beads

greater than 1 mm in diameter tumbled with glass beads of a
larger size. Figures 3sdd and 3sed show the segregation pat-
tern after 20 rotations for 2 mm steel with 3 and 4 mm glass
beads. Figure 3sfd shows the segregation pattern for 3 mm
steel beads and 4 mm glass beads. Given the results in Fig. 2
for a D system, it seems that the primary reason behind lobe
formation is the geometry of the tumbler and the resulting
advection in that geometry as described by Hillet al. f29g.
This advection results in formation of regular and chaotic
regions regardless of any segregation mechanisms. However,
the results in Fig. 3 indicate that particle properties and the
resulting segregation mechanisms play a role in lobe forma-
tion as they interact with the chaotic advection and regular
regions to change the segregated structure. For cases, where
fluidity dominates percolation, smaller steel beads outrun the
glass beads in the flowing layer and are therefore located
further away from the center of the tumbler. This causes the
lobes to be long and thin. However, when percolation domi-
nates over fluidity, the steel beads in the flowing layer sink to
the bed before reaching the periphery of the tumbler causing
the lobes to be short and thick.

Finally, consider the case when the steel beads are larger
than the glass beadssS−D systemsd, so that percolation and
buoyancy oppose each other. Figure 4 shows different segre-
gation patterns after 20 rotations for the case of 4 mm steel
beads tumbled with 0.2, 1, 2, and 3 mm glass beads. No

segregation is evident in Fig. 4sad for 0.2 mm glass beads
and 4 mm steel beadssds/dg=20d suggesting that percolation
and buoyancy offset each other for this particle size combi-
nation, similar to the results for a circular tumblerf17g. In-
creasing the size of the glass beads to 1 mm introduces a
tendency toward segregation into the system, as shown in
Fig. 4sbd. For this situation, percolation is more powerful
than buoyancy resulting in a higher concentration of larger
ssteeld beads close to the periphery of the tumbler.

Increasing the size of glass beads to 2 mm results in three
distinct segregation regions, shown in Fig. 4scd: a central
area with small glass beads tending toward a lobe pattern,
small glass beads near the walls of the tumbler, and a middle
band composed primarily of large steel beads between the
glass beads in the lobed core and the glass beads at the walls.
Once again percolation dominates over buoyancy, evident in
the small glass beads present near the center of the bed.
However, the percolation mechanism is weaker relative to
the buoyancy mechanism in this case than for the smaller
glass beads, shown in Fig. 4sbd. As a result, fewer glass
beads segregate in the central portion of the bed. Buoyancy
results in some of the less dense glass beads staying near the
walls of the tumbler, so that the steel beads are pushed in-
ward from the walls.

Further increasing the size of glass beads to 3 mm in
diameter changes the dominant segregation mechanism from
percolation to buoyancy. The central portion of the bed is
mostly steel beads due to density segregation, while the glass
beads are located at the periphery of the tumbler, as shown in
Fig. 4sdd. Although, the central, slightly lobed region is pre-
dominantly composed of steel beads, some glass beads are
mixed in as a result of the relatively weak effect of percola-
tion. Thus, the segregation is not as complete as for density
segregation for equal sized glass and steel beadssFig. 2d.

The results for other sizes of steel beads where buoyancy
and percolation oppose each other are similar to results
shown in Fig. 4. No segregation is observed for 0.2 mm glass
beads tumbled with 2 or 3 mm steel beadssds/dg=10,15d,
similar to Fig. 4sad. A segregation pattern similar to that
shown in Fig. 4sbd is observed for 0.2 mm glass beads with
1 mm steel beads and 1 mm glass beads with 3 mm steel
beadssds/dg=3,5d. Finally, for 1 mm glass beads with 2 mm
steel beads and 2 mm glass beads with 3 mm steel beads, the
segregation pattern resembles Fig. 4scd with glass beads
close to the center and at the periphery of the tumbler, while
a band of steel beads is present between the two regions of
glass beadssds/dg=3/2,2d. Similar results occur in a circular
tumbler except that the shape of the segregated core is semi-
circular instead of having lobesf17g.

The segregation patterns in a square tumbler when perco-
lation and buoyancy oppose each other can be categorized
based on the size ratio of steel beads and glass beads. No
segregation is observed when 10øds/dgø20. Reducing the
particle size ratio to between 3 and 5 introduces segregation
in the system with a dilute band of steel beads near the pe-
riphery of the tumbler. For even smaller differences in par-
ticle sizes3/2øds/dgø2d, glass beads are present near the
center of the tumbler as well as close to the periphery with a
band of steel beads in between. At even smaller particle size
ratios s1,ds/dgø4/3d, buoyancy becomes the dominant

FIG. 4. Segregation patterns when buoyancy and percolation
oppose each othersS−Dd in a half-filled square tumbler. 4 mm steel
beads tumbled withsad 0.2 mm glass beadssds/dg=20d—no segre-
gation; sbd 1 mm glass beadssds/dg=4d—band of high concentra-
tion steel beads at the tumbler periphery;scd 2 mm glass beads
sds/dg=2d—small lobes of glass beads, a band of steel beads, and
glass beads at the periphery; andsdd 3 mm glass beadssds/dg

=1.33d—core of steel beads with a slight tendency toward lobes.
Experiments are performed at 2 rpm and images are taken after 20
rotations.
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segregation mechanism so that a core of steel beads forms.
Except for the differences in the shapes of segregation pat-
terns, categorizing the segregation based onds/dg for S−D
systems is very similar to previous results for a circular tum-
bler f17g. Even the particle size ratios at which these transi-
tions occur are the same for the circular tumbler and the
square tumbler. This indicates that while the shape of the
tumbler influences the shape of the segregation pattern, par-
ticle properties play the key role in controlling the extent of
segregation.

We now return briefly to the prediction for the Brazil nut
problem that percolation dominates when the ratio of large to
small particle diameters exceeds the inverse of the ratio of
larger to small particle densities. Applying this rule, which is
based on vertical vibration, to a SD system in a rotating
drum correctly predicts the nature of the segregation in only
five out of the 16 cases for which it appliessin four cases it
cannot be used, since the bead diameters are identicald. All
but one of the cases for which it works are situations in
which percolation and buoyancy act together, although the
rule even fails here in one case. The prediction does not work
well for situations where percolation and buoyancy oppose
one another. Clearly, this is a consequence of the Brazil nut
rule being based on periodic dilation and condensation dur-
ing vibration, whereas segregation in a tumbler results from
the continuously dilated flowing layer.

Previous results have shown that granular segregation for
both S systems andD systems in a square tumbler is sensi-
tive to the fill levelf23g. Figure 5 shows the effect of the fill
level on the segregation patterns for two cases—1 mm steel
and 2 mm glass beadssS+D systemd and 3 mm steel and 2
mm glass beadssS−D systemd. At low fill levels, the S+D
system shows a tendency toward streak formation. These
streaks of steel beads related to the higher fluidity of the steel
beadsf17g are incomplete compared to greater fill levels and
do not reach the periphery of the tumbler. On the other hand,
the S−D system has a core of glass beads with glass beads
also at the periphery of the tumbler, while the steel beads are
between the core and the periphery.

The segregation pattern in a square tumbler have also
been shown to be extremely sensitive to the fill level around
a fill level of 50% forSandD systemsf23g. At a fill level of
50%, both theS+D and theS−D systems have a lobed core,
although it is somewhat difficult to see for theS−D system
in Fig. 5. As the fill level of theS+D system is increased
from 50% to 52%, the segregation pattern changes from the
lobe pattern to radial streaks. Radial streaks also were ob-
served for the same particle size combination in a circular
tumbler at fill levels ranging from 40% to 60%f17g. A simi-
lar increase in the fill level from 50% to 52% does not result
in radial streaks for theS−D system. For theS+D system,
radial streaks continue to occur at a fill level of 60% al-
though they are thicker than at a fill level of 52%. TheS
−D system shows a stronger lobe pattern of the core at a fill
level of 60% with two additional and symmetrical lobes
above the center of the tumbler and pointing toward the other
corners of the square. These additional lobes are difficult to
discern in Fig. 5, but are readily evident as the tumbler op-
erates. Like the lower fill levels, glass beads are present in
the center of the tumbler as well as near the periphery, while

the steel beads are present in between these two regions. As
the fill level is increased even further to 70%, both theS
+D and theS−D systems show a similar shape of the core
pattern, although it is not as distinct for theS−D system.
Radial streaks disappear for theS+D system, and in both the
cases the segregation pattern has four arms pointing to the
four corners of the granular bed. TheS−D system continues
to have glass beads in the core as well as near the periphery,
while S+D system has steel beads in the core and glass
beads towards the periphery. Note that the unmixed core re-
gion at the center of rotation for both systems is a rounded
square, as would be expected in a monodisperse systemf30g.
This region never enters the flowing layer and, hence, re-
mains unmixed.

All of the experiments presented thus far are performed at
an angular velocity of 2 rpm. However, previous research for
S systems indicates that the rate of segregation depends on
the rotational speed of the tumblerf11g. This suggests that
the angular velocity of the rotating tumbler may alter the
nature of the segregation in the SD systems considered here.

FIG. 5. Effect of fill level on granular segregation. Segregation
patterns in the left column are for 1 mm steel and 2 mm glass beads
sS+D system,ds/dg=0.5d while segregation patterns in the right
column are for 3 mm steel and 2 mm glass beadssS−D system,
ds/dg=1.5d. Experiments are performed at 2 rpm and images are
taken after 20 rotations.
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To test this, experiments are performed using 1 mm steel and
2 mm glass beadssS+D systemd and 3 mm steel and 2 mm
glass beadssS−D systemd at angular velocities ranging from
1 to 16 rpms1.58310−4øFrø4.03310−2d. The results are
shown in Fig. 6. For theS+D system, distinct lobes are
observed for 1 rpmsFig. 6d and 2 rpmsFig. 3d. As the angu-
lar velocity is increased from 2 to 8 rpm, the lobes become
wider and increase in area. At an angular velocity of 16 rpm,
the steel beads are mixed with glass beads in a large core
with a thin band of glass beads near the periphery of the
tumbler. The dependence of the lobed structure on the angu-
lar velocity is likely related to the “fluidity” of the smaller
sized steel beadsf17g as well as the length of flowing layer,
which changes with tumbler orientation. At lower angular
velocities, the smaller beadsssteel for theS+D systemd out-
run the larger glass beads to reach the downstream portion of
the flowing layer. Of course, this process is more noticeable
when the flowing layer is longestsflowing layer extends be-
tween the corners of the tumblerd, thus resulting in distinct
lobes. At higher angular velocities, the velocity of all beads
in the flowing layer is higher, so the steel beads are less
likely to outrun the glass beads, thus reducing the tendency
toward a lobed structure and forming a mixed core of steel
and glass beads. The segregation pattern at 1 rpm in theS
−D system consists of small lobes of glass beads surrounded
by steel beads, with glass beads at the corners of the tumbler.

As the angular velocity increases from 1 to 4 rpm, the lobes
of glass beads become less distinct in the center, and a band
of glass beads forms at the periphery of the tumbler with
steel beads between the lobed core and the periphery. As the
angular velocity is increased to 4 and 8 rpm, the area occu-
pied by glass beads in the center decreases while no changes
are evident in the area occupied by the glass beads by the
periphery of the tumbler. At an angular velocity of 16 rpm,
the lobed core disappears and the glass beads are mixed with
the steel beads except at the periphery, resulting in a situation
that is similar to that for theS+D system at 16 rpm. In this
case, the dependence of the segregation pattern on angular
velocity is likely related to the square tumbler and the veloc-
ity of the flowing layer. We speculate that at low angular
velocities, the small glass beads have enough time to perco-
late through the flowing layer to form a small core of glass
beads. The tendency toward a lobed structure is related to the
shape of the tumblerf23g. At high angular velocities, all of
the beads are moving faster in the flowing layer, so the small
glass beads are less likely to reach the bottom of the flowing
layer to form a core, and some glass beads even float to the
top of the flowing layer to form the band of glass beads at the
periphery.

To quantify the time development of the segregation pat-
terns, digital images of the quasi-2D tumbler are obtained
after every 1/8 rotation for each of the SD systems. As is
evident in the previous images, darker areas correspond to
regions where steel beads are plentiful, and lighter areas cor-
respond to regions where glass beads are plentiful. The de-
gree of segregation measured as a function of area occupied
by the segregated pattern can be quantified asf17g

s =
fAsW2/2 − Adg1/2

W2/2
s2d

for a half-full tumbler, whereA is the area occupied by one
bead type andW2/2−A is the remaining area occupied by the
other bead type. Thus, the segregation index is the geometric
mean of the area occupied by the steel and glass beads nor-
malized by the total area for a 50% fill level. For perfect
segregation, the core area(A) should be one-quarter of the
area of the tumbler resulting in a segregation indexssd of
0.5. Conversely, a core area that is too small or too large
compared to theoretical area for maximum segregation
would suggest better mixing and poorer segregation. As an
example, a core that occupies 5% or 95% of the total filled
area will have a segregation index ofs=0.22. For no segre-
gation when core occupies 0% or 100% of the total filled
area,s=0.

Figure 7sad shows the dependence of the segregation in-
dex on the number of rotations for 1 mm steel beads and all
sizes of glass beadssD systems, 1 mm;S+D systems, 2, 3,
and 4 mmd. The segregation is complete within the first few
rotations and remains constant after the initial transient. Seg-
regation is faster and reaches a slightly higher level for the
combination of 1 mm steel beads and 2 mm glass beads
where differences in particle fluidity causes the lobes to be
thin and distinct. The small oscillatory variation of the seg-
regation index comes about as the individual lobes enter and

FIG. 6. Effect of angular velocity on granular segregation. Seg-
regation patterns in the left column are for 1 mm steel and 2 mm
glass beadssS+D system,ds/dg=0.5d while segregation patterns in
the right column are for 3 mm steel and 2 mm glass beadssS−D
system,ds/dg=1.5d. Experiments are performed for half-filled tum-
bler and images are taken after 20 rotations. The angle of the tum-
bler with respect to horizontal varies somewhat to best display the
segregation pattern.
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leave the flowing layer. Segregation is nearly as strong for
other sizes of glass beads, as indicated by the values ofs
near the maximum of 0.5 for perfect segregation. The segre-
gation is much more dependent on bead size forS−D sys-
tems. Figure 7sbd shows the dependence of the segregation
index ssd on the number of rotationssNd for 4 mm steel
beads and all sizes of glass beadssS−D systems, 1, 2, and 3
mm; D systems, 4 mmd. Again, segregation occurs quite
quickly and remains nearly constant after the first few rota-
tions. The segregation index is highest for 4 mm glass beads
sD systemd and decreases as the size of glass beads decreases
due to the increased counteraction of buoyancy and percola-
tion. For the case of 4 mm steel beads and 0.2 mm glass
beadsfnot shown in Fig. 7sbdg, s=0 indicating completely
mixed beads.

The steady state segregation index depends on the size
ratio ds/dg as shown in Fig. 8 for all particle combinations
and results for both square and circular tumblersf17g. Inde-
pendent of the shape of the tumbler, segregation is strong
when ds/dgø1.5. As the size of steel beads is increased to
twice the size of glass beads or largersds/dgù2d, the segre-
gation index decreases to a level ofs<0 at ds/dgù10, in-
dicating complete mixing. Since the steady state segregation
index is similar for circular and square tumblers, one might

argue that theinterplay between buoyancy and percolation
on segregation is largely unaffected by the complexity intro-
duced by the noncircular tumbler. This result is surprising in
light of measurements comparing the mixing efficiency of
square and circular tumblers using particles of two different
colors but same size and densityf24g. In that case, the initial
condition corresponded to perfect separation with either the
left half of the tumbler consisting of one particle type and
right half of the tumbler consisting of other particle type or
with the two particle types layered on top of each other. For
both of these initial conditions, mixing of monodisperse par-
ticles was faster in a square tumbler than a circular tumbler.
However, the difference in speed of mixing for square and
circular tumblers half filled with monodisperse particles was
a consequence of chaotic advection in the square tumbler.
The results for SD systems, on the other hand, also involve
differences in particle properties. Thus, it appears that while
chaotic advection modifies the shape of segregation pattern
between square and circular tumblers, theextent of segrega-
tion is predominantly controlled by particle properties. Fur-
thermore, the rate of segregation is essentially independent
of the shape of the tumbler, as is evident by comparing the
transient in Fig. 7 to analogous results for a circular tumbler
f17g. Regardless of the shape of the tumbler, steady state
segregation is achieved within 2–3 rotations. It is possible
that there is a small difference in therate of segregation
between the circular and square tumblers that cannot be de-
tected. Within just a few rotations it is difficult to ascertain if
the mixing or segregation is faster in a square tumbler than a
circular tumbler, or vice versa. Furthermore, comparing the
mixing efficiency of several uniformly-convex 2D geom-
etries for avalanching flow, square tumblers are only margin-
ally more efficient than circular tumblers to achieve a mixed
statef30g. While the physics for avalanching flow is different
from that for the continuously flowing layer studied here,
their reported small differences in mixing efficiency could
have been related only to the difference in the time-averaged

FIG. 7. Segregation indexssd as a function of the number of
rotationssNd. sad 1 mm steel beads tumbled with 1, 2, 3, and 4 mm
glass beadssds/dg=1.0, 0.5, 0.33, 0.25d; sbd 4 mm steel beads
tumbled with 1, 2, 3, and 4 mm glass beadssds/dg=4, 2, 1.33, 1.0d.
dg=P1, m 2, j 3, l 4 mm.

FIG. 8. Steady state segregation index as a function of the ratio
of steel beads to glass beadssds/dgd for both circular and square
tumblers.ds=l1, j 2, P 3, m 4 mm. Open symbols, circular
tumbler; black symbols, square tumbler.
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flowing layer length in tumblers having different shapes but
the same area, not the complexity of the system.

IV. CONCLUSIONS

This work extends our previous study of SD systems in
circular tumblers and provides insight into mixing and seg-
regation of granular particles when buoyancy, percolation,
fluidity, and chaotic advection interact with each other. The
results show that segregation patterns change dramatically
with changes in the particle properties. Figure 9 shows the
rich variety of patterns for different particle sizes and tum-
bler shapes. When percolation and buoyancy support each
other sds/dg,1d, the segregation pattern in a circular tum-
bler is usually a semicircular core, although for some particle
combinations, the classical core is replaced by radial streaks.
For half-full square tumblers, the characteristic core shape is
lobed instead of a semicircular core. For certain particle size
combinations, radial streaks are observed in a square tumbler
but unlike circular tumbler these streaks are only formed at

fill levels greater than 50%. Segregation is reduced when
percolation and buoyancy oppose each othersds/dg.1d.
While the shape of the segregated pattern is different for
circular and square tumblers, a key similarity between these
two tumblers is the preferential location of steel or glass
beads at various particle size ratios. For 1øds/dgø1.33,
steel beads are located in the center for both the tumblers.
For 1.5øds/dgø2, steel beads are located in between glass
beads at the center and periphery of the tumbler. As the size
ratio is increased to greater than 2, steel beads are preferen-
tially located near the periphery of tumbler. Beyond a size
ratio of 5, steel beads and glass beads mix throughout the
tumbler. Thus, the change in the shape of the tumbler does
not shift the key threshold points at which the nature of the
segregation changes.

Granular segregation is of immense practical importance
and is encountered in a variety of industries including ce-
ment, pharmaceutical, metallurgical, polymer, and agro-
chemical industriesf31g. Despite this practical importance, it
has not been clear how to reduce or eliminate segregation. As
shown visually in Fig. 9 and quantified in Fig. 8, segregation
diminishes when the size ratio between steel beads and glass
beadssds/dgd is greater than 2. Although our current work
considers only one particle density ratio, these results to-
gether with the work of Drahun and Bridgwaterf18g, Alonso
et al. f19g, and Metcalfe and Shattuckf20g for a variety of
types of granular flow, methods to quantify segregation, and
particle properties indicate thatsegregation is reduced when
the heavier beads are larger than the lighter beads so that
the size ratio exceeds the density ratio (dheavy/dlight
.rheavy/rlight) f17g. Since the particle mass is directly related
to the particle diameter and density, this relation can be re-
cast in terms of the mass of the particles,m, so that mixing
dominates when

dheavy/dlight . smheavy/mlightd1/4. s3d

The results presented here for a square tumbler reinforce this
statement, even in the presence of a complex flow resulting
from a noncircular tumbler.
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