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We investigate the effect of nanoscale variations in the surface roughness of individual particles on macro-
scale granular flow characteristics. Experiments were conducted in circular rotating tumblers with smooth and
rough 2 and 3 mm steel particles. The smooth beads had a rms surface roughness of approximately 30 to
60 nm; rough beads had a surface roughness of approximately 240 to 350 nm. The dynamic angle of repose for
rough particles increased by 10° to 25° over that of smooth particles over a wide range of rotation speeds. Even
though surface roughness affects the angle of repose, we were unable to detect any segregation of bidisperse
mixtures of rough and smooth particles in the radial direction in two-dimensional �2D� tumblers. Furthermore,
no axial banding segregation occurred in 3D tumblers, both cylindrical and spherical. For mixtures of smooth
and rough particles, the angle of repose increased monotonically with increasing concentration of rough
particles. Particle dynamics simulations verified that the dependence of the angle of repose on the concentra-
tion of rough particles can be directly related to the coefficient of friction of the particles. Simulations over a
broad range of friction parameters failed to induce segregation solely from differences in the angle of repose.
These results indicate that nanoscale surface roughness can affect the flowability and angle of repose of
granular matter without driving demixing of the bulk granular material.
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I. INTRODUCTION

The nature of surface roughness and its influence on
granular mixing and flow is a subject that has received little
attention in granular flow studies. In most experiments, the
surfaces of individual particles, typically spherical, in the
flowing medium are implicitly assumed to be nominally
“smooth.” However, this characteristic is rarely quantified.
Due to the extraordinary number of contacting surfaces be-
tween discrete particles and because granular particles slide
and roll with respect to one another when they flow, it is
apparent that tribological effects can potentially play a major
role in granular flow.

In general, it has been implicitly assumed that nanoscale
surface effects are orders of magnitude less important than
macroscopic properties such as particle size and density in
granular flow. However, the coefficient of friction, a macro-
scale parameter, is often adjusted in discrete element model-
ing to produce significant changes in the granular flow char-
acteristics �1–3�. Likewise, the experimentally determined
angle of repose of a bulk material increases as the interaction
friction is increased �4�. In fact, the conceptual relevance of
the coefficient of friction to the angle of repose of a granular
pile can be related to the simple problem of a block sliding
down an inclined plane �5�. Of course, the macroscopic co-
efficient of friction merely reflects the multiple nanoscale
surface interactions in granular flow.

Only a few researchers have attempted to quantify micro-
scopic surface interactions between individual granular par-

ticles. For example, measurements indicate that surface prop-
erties influence the normal and tangential compliance of
materials in both micro-slip and the gross sliding limit of
friction �6�. More recent experiments coupling atomic force
microscopy and annular shear cell tests focused on relating
tribological properties to macroscale effects by introducing
lubricants into a granular bulk of glass beads �7�.

At a macroscopic scale, quasi-two-dimensional �2D� ro-
tating drums, like that shown in Fig. 1, are often used to
study the characteristics of flowing granular materials
�8–11�. Typically, a cylinder is filled to 50% volume fraction
with granular material and rotated about its axis causing the
material to tumble down the angled free surface in a thin
flowing layer. Upon reaching the end of the free surface, the
material is trapped in near solid body rotation with the drum
until it reaches the free surface again. Such tumblers provide
a convenient means to measure the dynamic angle of repose.
Moreover, quasi-2D and 3D rotating drums are often used to
study granular segregation. Two initially well-mixed materi-
als having different properties �such as size or density� tend
to unmix leading to the classical radial segregation pattern in
a quasi-two-dimensional tumbler �5,12–14� and bands of
segregated material in a three-dimensional tumbler �15–17�.

The focus of this paper is the relation between the friction
due to the nanoscale surface roughness of a granular material
and the macroscale granular flow properties. In particular, we
consider the angle of repose for pure smooth or rough spheri-
cal particles as well as mixtures of these particles. As we
shall demonstrate, surface roughness affects the dynamic
angle of repose in rotating tumblers. And the angle of repose
is widely believed to be a predictor of segregation. Is this,
however, the case? To this end, we evaluate the tendency
toward mixing or segregation of particles with differing sur-
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face roughnesses in quasi-2D and 3D tumblers. In addition,
we use particle dynamics simulations to further evaluate the
influence of imposed friction characteristics on granular
flows.

II. EXPERIMENTAL APPROACH

A. Chrome steel beads and their tribological characteristics

Spherical chrome steel beads �AISI 52100 Standard,
Grade 1000, Fox Industries� having diameters of 2.37 mm
�which we denote 2 mm� and 3.18 mm �3 mm� to within
±0.01 mm were used in the experiments. Using smaller
beads would have made the surface roughness measurements
difficult and permitted electrostatic forces to interfere with
the tumbler experiments described shortly. The new beads
were shiny with a hard surface �62-65 on the Rockwell “C”
scale�. Rock polishing lapidary equipment �Lortone 3A Ro-
tary Tumbler with super-coarse 46/70 silicon carbide grit�
was used to roughen half of the beads. The rolling motion of
the grit against the beads pitted the surface creating pock
marks and eliminating the original shiny surface without al-
tering the spherical shape or the diameter of the particles.
The other half of the beads were used in their smooth, shiny
state.

After cleaning the beads to remove the silicon carbide
grit, the nanoscale surface profile of the beads was measured
using a white light Phase-Shift interferometer �ADE Phase-
Shift MicroXAM�. The surface profile for a new smooth par-
ticle, shown in Fig. 2�a�, is quite smooth with only a few
short asperities. The surface profile of a rough particle,
shown in Fig. 2�b�, has many more asperities, nearly all hav-

ing much larger magnitudes than those of the smooth bead.
The surface roughness Rq of the material is defined as the
standard deviation of the measured height. Only a small por-
tion of the bead surface ��800 �m�600 �m� can be mea-
sured at one time, so multiple measurements on a single bead
were used to verify that the measured surface roughness was
equivalent over the entire surface. The surfaces of at least 35
particles per lot of material were measured with the averaged
surface roughness results given in Table I for a typical lot of
the new and roughened beads. Even with the extraordinary
hardness of the base material, there was some degradation in
the surface roughness after the beads were tumbled in a ro-
tating drum, as is evident in the change in the roughness
from the “Pre-test” values to the “Post-test” values for the

FIG. 1. �Color online� Single image of the quasi-2D rotating
drum with 50% rough concentration of 2 mm particles at Fr
=6.07�10−3. A gray curve indicates the surface of the flowing
layer from the ten ensemble averaged images and black �’s show
the middle 40% of the tumbler diameter.

FIG. 2. �Color online� Typical surface profile for 2 mm particles
for �a� new material and �b� after roughening.

TABLE I. Typical surface roughness �Rq� of beads used in ex-
perimentation �all roughness values are in nanometers�.

Ball size

2 mm 3 mm

New Roughened New Roughened

Pre-test 26±9 235±29 59±11 244±31

Post-test 31±10 160±34 57±13 174±30
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roughened particles. Most likely, plastic deformation oc-
curred due to the asperity interactions of the rough surfaces
when particles collided. The decay of the surface properties
was limited by keeping the total number of revolutions of the
tumbler to less than 400.

The macroscale friction characteristics of the granular
particles were measured in three ways: a scratch test, accel-
eration of sliding particles down an angled slope, and the
critical angle to cause particles at rest to start sliding.

A standard tribological scratch test determines the dy-
namic coefficient of friction via the ratio of drag force to the
applied normal force. A CETR Tribometer held a single
3 mm bead at a constant normal force on a flat disk and
measured the transverse force while the bead was slid with-
out rolling at a constant velocity across the disk. Due to their
small size, 2 mm beads could not be tested in this apparatus.
Table II reports the mean and standard deviation of at least
six measurements of the coefficient of friction. The schemat-
ics in the “Surface Condition” column show the surface
roughnesses of the spherical particles and the flat surfaces
�the relative surface heights are not to scale�. The shading in
the “Friction Intensity” column provides a visual indication
of the relative magnitudes of the coefficient of friction with
black showing �=0.5 and white indicating a frictionless slid-
ing contact. Rough particles tested on a machine ground flat
steel surface �Rq=544 nm� had a higher coefficient of fric-
tion than smooth particles on the same surface, as expected,
but the coefficient of friction depended on the normal force.
When the particles were tested on a flat steel surface polished
to a mirror finish �Rq=29 nm�, the coefficient of friction was
higher for the smooth particles than for the rough particles,
especially at higher normal forces.

Although these results seem counterintuitive, they are
consistent with the theory of tribological surface interaction.
Macroscale friction is a function of the normal force between
two surfaces, not the area of contact. However, when the
contact area is significantly reduced, such as in near single
point contact between a sphere and a flat surface, the nature
of the contact becomes critically important. The rough beads
probably have a higher coefficient of friction on the machine
ground flat surface than the smooth beads because a greater
number of asperities are in contact between the two surfaces,
requiring a greater tangential shear necessary for relative mo-
tion. The reduction in the coefficient of friction for the rough
particles on the same surface with an increasing normal force
is likely a result of plastically deforming the asperities. The
smooth bead on the machine ground flat surface reduces total
asperity contact, and the corresponding coefficient of friction
is less. The smooth particle on a polished flat surface results
in a remarkable increase in the coefficient of friction com-
pared to the cases where at least one of the surfaces is rough.
This is likely due to the increased stiction between the two
surfaces due to the lack of asperity interaction on the micro-
scale level.

The minimum normal force available in the CETR Tri-
bometer corresponds to weight of more than 37 particles �the
weight of a single bead is 1.3 mN�, which is much larger
than the total depth of the flowing layer in a typical tumbler
experiment, usually 7–10 particles. Therefore, two other
methods having contact forces generated by the mass of in-
dividual particles were used to characterize the coefficient of
friction. In the first case, the dynamic coefficient of friction
was measured based on the acceleration of sliding particles
on a sloped flat surface. In order to prevent rolling and main-
tain a sliding contact, a tripod of three 3 mm particles was
bonded together with an adhesive. The tripod was released
on a flat surface tilted at a known angle � with respect to the
horizontal, and its motion was recorded with a digital video
camera. Assuming a constant acceleration, the coefficient of
friction was calculated as �=tan���−2A / �g cos ��, where A
is the coefficient of the squared term in a parabolic fit to the
position of the tripod with respect to time. The smooth and
rough plates were made of AISI 52100 chrome steel, the
same alloy as the particles, so as to mimic particle-to-particle
interactions in a granular flow. Acrylic was also used as a flat
surface to characterize contacts between particles and the
material of the drum walls. Results averaged over 30 or more
trials of every combination of surface-bead contacts are re-
ported in Table III �the transparent acrylic surface is sche-
matically represented by a dashed line�.

The results match the intuition that rough particles have a
higher coefficient of friction. However, it is interesting to
note the factor of 2 increase in the coefficient of friction as
the chrome steel flat surface changes from the rough machine
ground to the smooth mirror finish. Again, it appears that the
lack of asperities on the mirror polished surface results in a
greater number of contacts between the surfaces causing an
increase in the measured coefficient of friction.

Finally, the static friction was characterized by measuring
the critical angle of a flat surface that induces motion of a
particle tripod set. The experiment was conducted by placing
a tripod on a horizontal flat surface which was then tilted

TABLE II. Mean of the coefficient of friction for six tests of
3 mm rough and smooth particles on a machine ground surface and
a polished surface. �Surface roughness of the beads is different
from Table I due to different lots of material.�
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very slowly �1.5° /sec� until the tripod began sliding. The
average angle that initiated the sliding motion averaged over
at least 60 trials is reported in Table IV. The schematics in
each column represent the relative surface roughness be-
tween the particles and the flat surface, which are oriented at
the angle that sliding occurred for that particle and flat sur-
face combination. In this case, the 2 mm particles were also
evaluated. The key result is that the critical sliding angle
increases for all cases when the surface roughness of the
particles changes from smooth to rough. The large standard
deviation is indicative of the difficulty in obtaining repeat-
able measurements.

All three methods of characterizing friction suggest that
increased surface roughness of particles generally causes a
corresponding increase in the observed friction, although ex-
ceptions occur depending upon the roughness of the flat sur-
face. It is clear that quantifying and obtaining consistent val-
ues of the macroscale friction based on the surface roughness
of contacting surfaces for individual particles is quite diffi-
cult.

B. Rotating tumbler

The collective effect of the surface roughness of many
particles on the granular flow was measured using a
quasi-2D tumbler with a diameter of 2R=28 cm and a thick-
ness of 2.8d, where d is the particle diameter �the thickness
was adjusted according to the particle size�. These dimen-
sions were chosen to provide a large drum diameter to par-
ticle diameter ratio, 2R /d :118 and 88 for d=2 and 3 mm,
respectively. The thickness of the quasi-2D tumbler was nec-
essarily small to reduce the quantity of particles that were
used. This was particularly important due to the cost of the
particles, which could only be used for a limited time be-
cause the surface properties changed with use, as indicated in
Table I. The front and back plates of the tumbler were
6.4 mm thick, clear, static-dissipative acrylic allowing visu-
alization of the free-flowing surface and measurement of the
angle of repose. The surfaces of the acrylic were electrically
grounded to minimize electrostatic charge buildup in the
tumbler.

The dynamics of the flow in a rotating drum are governed
by the Froude number �5�, Fr=R�2 /g, where � is the rota-
tional speed and g is the gravitational acceleration, which
represents the ratio of centrifugal to gravitational forces act-
ing on the particles in the drum. By changing the rotational
speed, the Froude number was varied from 10−5, just fast
enough so that the flow was continuous �not avalanching�, to
1.5�10−2, which was well into the cataracting regime of
flow. The tumbler rotation was controlled with a brushless
stepper motor and a microstep driver with input control to
the driver via a computer controlled square wave generator.
In all cases, the fill level of the drum was 50%.

To measure the dynamic angle of repose �d, ten high reso-
lution digital images of the rotating tumbler were obtained at
each Froude number. The drum was stopped while the im-
ages were downloaded in order to reduce wear of the particle
surfaces. The motor was then accelerated from rest to the
next Froude number. The intensity from ten digital images
for each Froude number was ensemble averaged and, after
eliminating the extraneous background via image processing,
the surface profile of the flowing granular material was lo-
cated with an edge-find function, producing results like that
shown in Fig. 1. Only the central 40% of the edge, evident as
the dark �’s near the surface, was used for the linear fit to
determine the dynamic angle of repose, thus avoiding the
curved free surface near the periphery of the tumbler.

TABLE III. Average and standard deviation of the coefficient of
friction from at least 30 runs of tripods sliding down a flat surface.
The surface roughness is the average over the three particles of the
tripod.

TABLE IV. Critical angle to initiate the sliding of a tripod of particles. At least 60 trials were conducted for each particle size and surface
roughness combination. The surface roughness is the average over the three particles of the tripod.
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III. EXPERIMENTAL RESULTS

A. Monodisperse angle of repose

To begin, we report the dynamic angle of repose, �d, of
monodisperse smooth and monodisperse rough particles. For
the smooth 2 mm particles, the angle of repose was 26.2° at
Fr=2.0�10−4. The smooth 3 mm particles at the same rota-
tion rate had a lower dynamic angle of repose of 23.4°. The
higher angle of repose with decreased particle size is consis-
tent with previous results �8�. When the contents of the drum
were changed to rough 2 mm and 3 mm particles, the angles
of repose increased to 43.4° and 31.1°, respectively, for the
same Froude number, clearly indicating that the angle of re-
pose of a bulk material is directly related to the surface
roughness of the individual particles. Most likely, interlock-
ing asperities result in greater sliding and rolling friction
between rough particles than for particles having smooth sur-
faces so that rough particles pile up at a higher angle before
gravity can overcome the interparticle friction.

After the experiments, the surface roughness of the par-
ticles was measured to determine the wear due to tumbling,
with the results given for the monodisperse rough and
smooth systems in Table I. The surface roughness of the
smooth particles was within a standard deviation of the pre-
tumbled particles. The “smoothing” of rough particles was
much greater with a decrease between 24% and 34% from
the initial surface roughness. The difference in wear between
rough and smooth particles can be attributed to greater plas-
tic deformation of the taller asperities of the roughened par-
ticles due to collisional impact.

B. Do different angles of repose cause segregation?

One of the interesting aspects of granular flow is the seg-
regation of polydisperse material. For instance, in a quasi-2D
tumbler, radial segregation occurs with small or dense par-
ticles gathering at the center of the fixed bed and the remain-
ing material near the periphery �5�. The radial segregation
can be explained in terms of percolation, where the smaller
particles fall through the voids in the lattice of larger par-
ticles, or buoyancy, where more dense particles sink to lower
levels in the flowing layer �13,18�.

A theoretical approach to predicting segregation is based
on the angle of repose of each member of a bidisperse sys-
tem, regardless of the particle size or density. For instance, a
cellular automata model predicts that radial segregation can
occur in rotating drums when two distinct particles fall at
different angles of repose due to the individual particle fric-
tion �19�.

Given these models for radial segregation based on par-
ticles with different angles of repose, and that pure rough and
smooth beads exhibit different angles of repose, we at-
tempted to find a situation in which the rough and smooth
particles segregated. However, no radial segregation was ob-
served for the bidisperse �smooth and rough� mixtures in the
quasi-2D tumbler for Froude numbers ranging from 3.9
�10−7 to 1.5�10−3, an example of which is shown in Fig. 1.
Even when the materials started in an unmixed state �each
particle type filling a sector of the drum�, the two species
mixed thoroughly. In addition, there was no preferential

neighboring of rough or smooth particles based on an analy-
sis of the connectivity of smooth-to-smooth or rough-to-
rough particles after a few rotations of the system. Thus, it
appears that differences in surface roughness characteristics
alone cannot cause radial segregation, even though the
angles of repose of the two species differ substantially.

In three-dimensional situations, either long cylinders or
spherical containers, bands of segregated material spontane-
ously form and then coarsen due to differences in particle
size �15–17,20,21�. The differing angles of repose for the
two components of a bidisperse mixture is key in the expla-
nation of how bands are produced in three-dimensional ex-
periments �22,23�. This mechanism is predicated upon a ra-
dial core preceding the formation of enriched bands of
particles that are observed in axial segregation.

We also performed experiments in 3D �spherical� and
2D�1 �cylindrical� granular systems to explore the potential
for banding of rough and smooth particles given their differ-
ing angles of repose. In a 3D spherical container with a di-
ameter of 35 particles, the rotation of a mixture of rough and
smooth particles at 50% volume fraction over 10 h at a
Froude number of 6�10−3 to generate a continuous, flat
flowing layer resulted in no banding. A similar test in a half-
filled cylinder with a 76.2 mm diameter �32 particles� and
185 mm length rotated at Fr=6.1�10−3 also did not pro-
duce segregated bands over a test run of 72 h. In fact, start-
ing with one-half of the length of the tube half-filled with
rough particles and the other half with smooth particles only
produced diffusion of the rough and smooth particles rather
than maintaining axial segregation. There was a clear differ-
ence in the angle of repose between the two different mate-
rials. However, this did not prevent the mixing of the two
particle types. Thus, while the surface roughness can change
the angle of repose of the bulk material, this characteristic
alone does not appear to be a sufficient condition for segre-
gation, at least for the conditions used in this study. This
further suggests that radial segregation as a result of perco-
lation or buoyancy is a necessary precursor to axial segrega-
tion and subsequent axial banding.

C. Angle of repose of bidisperse mixtures

Although the difference in the angles of repose of the
smooth and rough beads does not cause segregation, it may
alter the nature of the granular flow for bidisperse mixtures
of smooth and rough beads. Hence, the dynamic angle of
repose was measured as a function of the Froude number for
a variety of mixtures of the smooth and rough 2 and 3 mm
beads at concentrations ranging from 0% rough to 100%
rough as shown in Fig. 3. To assure that the measured angle
of repose was related to the Froude number and not a result
of the changes in the surface roughness of the beads due to
wear, the measurements were conducted by increasing the
rotational speed to obtain data for every other Froude num-
ber in Fig. 3. Then, the remaining data were obtained by
decreasing the rotational speed. In addition, multiple data
points at the same Froude number identify rotational speeds
that were retested in order to verify the repeatability of the
measurements. Although there was a measurable decrease in

SURFACE ROUGHNESS EFFECTS IN GRANULAR¼ PHYSICAL REVIEW E 73, 031304 �2006�

031304-5



the rough particle surface roughness during an experiment,
as indicated in Table I, the angle of repose remained only a
function of the concentration of rough particles and the
Froude number.

The results in Fig. 3 show that the angle of repose in-
creases with increasing Froude number, consistent with pre-
vious results �8�, regardless of particle size or rough particle
concentration. Above approximately Fr=1.5�10−3 �marked
by the vertical lines in Fig. 3�, the free surface becomes
curved indicating a transition to the cataracting regime of
flow. More importantly, the angle of repose increases as the
concentration of rough particles increases, which is shown
more clearly in Fig. 4. At low Froude numbers, the angle of
repose for the 2 mm beads increases by about 15° as the
concentration changes from purely smooth to purely rough
particles. At higher Froude numbers, the change in the angle
of repose as the concentration of rough beads increases is
even larger, greater than 25° at the highest speed. The
changes in the angle of repose from one concentration to

another at the same Froude number are somewhat less for the
3 mm beads, particularly when the rough particle concentra-
tion changes from 0% to 25%. The difference may be a con-
sequence of the surface roughness of the smooth beads.
Table I indicates that the smooth 2 mm particles had a
smaller surface roughness than the smooth 3 mm particles. It
is possible that small concentrations of rough particles with
very smooth particles may have more influence on the angle
of repose than when the smooth particles are not quite as
highly polished. It is also evident that the angle of repose is
greater in all cases for the smaller beads than for the larger
beads, consistent with previous results �8�. Fig. 4 also indi-
cates the variability of the angle of repose measurement
when individual images are used rather than ensemble aver-
aging the raw image intensity. The largest standard deviation
occurs for the 0% rough concentration. The shiny appearance
of the smooth particles makes it difficult for the edge-find
function to differentiate between the free surface of particles

FIG. 3. Angle of repose as a function of the Froude number for
�a� 2 mm and �b� 3 mm beads for different concentrations of rough
particles; �=0% rough concentration, �=25% rough, �=50%
rough, �=75% rough, and �=100% rough.

FIG. 4. Angle of repose as a function of concentration of rough
particles for �a� 2 mm and �b� 3 mm beads for different Froude
numbers; � Fr=1.4�10−5, � Fr=1.6�10−4, � Fr=1.3�10−3,
and � Fr=1.5�10−2. Error bars represent the standard deviation
for the angle of repose measurement for ten individual images.
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and the background in an individual image. Otherwise, the
standard deviation is independent of the Froude number or
concentration of rough particles.

Besides surface roughness, other microscopic forces can
influence the angle of repose for granular flow. For instance,
electrostatic attraction forces between the walls and the par-
ticles can increase the angle of repose. Furthermore, particle
impacts induce magnetic properties in the steel beads that
can cause small attraction forces between particles. As a pre-
caution, prior to all experimental runs the beads were passed
through an oscillating magnetic field to minimize the in-
duced magnetic attraction between particles. Surprisingly,
the thickness of the acrylic end plates also affected the angle
of repose. Increasing the thickness of the acrylic end plates
from 6.4 to 9.5 mm caused an increase of 3–4° in the angle
of repose for otherwise similar conditions. This may be a
result of a slight decrease in the axial drum length as the
thicker cover plate flexed outward less due to the axial pres-
sure of the fixed bed of steel beads. Further tests verified that
increasing t /d from 2.8 particles to 5 and 7 resulted in a
decrease in the measured angle of the repose, consistent with
previous results in a granular heap flow �24–26� and rotating
tumbler flow �27�. Nevertheless, the trend of the increasing
angle of repose with increasing concentration of rough par-
ticles occurred regardless of the value of t /d. Thus, the sur-
face roughness is the primary factor causing a change in the
angle of repose of granular flow for the results shown in
Figs. 3 and 4.

IV. SIMULATION OF PARTICLES WITH VARYING
FRICTION

Particle dynamics �PD� simulations have been shown to
accurately capture many aspects of granular materials in a
rotating tumbler �10,28�, including segregation of bidisperse
particles �29–34�. Here PD simulations have the advantage
over experiments in that the method provides precise control
over the factors influencing the particle contact allowing the
isolation of the causes of flow behavior. In this way, the
difficulty in measuring the coefficient of friction between
rough-smooth surfaces and rough-smooth particles can be
circumvented by simply assigning different friction charac-
teristics to two classes of particles in the simulations.

The simulation consisted of solving the fundamental
equations of motion for each particle given the normal and
tangential forces, fn and f t, being applied by other particles
in contact �29�. The parameters of the particle interaction
were the spring stiffness in the normal and tangential direc-
tions, kn and kt, the damping of particle velocity after con-
tact, kd, and the coefficient of friction between sliding sur-
faces, �. The normal forces were modeled via the Hertzian
overlap �35�, while the tangential force was computed as the
minimum between �1� the product of the normal force and
the coefficient of friction �fn�� or �2� the restoring force
from the tangential spring and lateral displacement �kt��. The
free moving granular particles were constrained in a circular
boundary of particles that held a fixed radial position but
rotated as an entire ring at a specified rotation rate. The simu-
lated tumbler had a diameter of 40 particles and a rotation
rate of 1.05 revolutions per minute producing a Froude num-
ber of 4.94�10−5. Periodic boundary conditions were as-
sumed in the axial direction of the simulated tumbler. The
particle parameters were based on the typical material prop-
erties of the chrome steel beads used in the experiments
�kn=4.44�109 N/m3/2, kt=7.23�105 N/m, and kd=380
Ns/m3/2� with a time step of �t=2.76�10−7 s.

A sensitivity analysis was performed to determine the
most important parameters that influence the angle of repose
in the simulations. The stiffnesses, coefficient of friction, and
damping were varied by an order of magnitude, but the angle
of repose was only influenced by changes in the coefficient
of friction. Therefore, investigations were limited to low and
high friction between particles. Single snapshots of the simu-
lation results with low friction particles ��=0.1� and high
friction particles ��=0.5� are shown in Figs. 5�a� and 5�b�,
respectively. After achieving steady flow, the angle of repose
of particles at the free surface was averaged over 250 simu-
lation configurations distributed over more than one-quarter
revolution of the drum so that more than half of the particles
passed through the flowing layer. For the condition of �
=0.1, the angle of repose was 16.9±0.9°. It increased to
24.7±1.1° when the coefficient of friction was set at �
=0.5. While the magnitudes of the angle of repose do not
match the experimental results, the increased interparticle
friction causing an increase in the angle of repose is qualita-
tively consistent. The likely reason for the differences be-
tween experimental and simulation results is the limited size

FIG. 5. �Color online� Single instances of the PD simulations for the following friction conditions: �a� �=0.1 for all particles �0% rough
concentration�; �b� �=0.5 for all particles �100% rough concentration�; �c� 50% rough particle concentration where �=0.1 between light
particles, �=0.5 between dark particles, and �=0.3 for mixed contacts.
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of the simulated tumbler due to the computation being con-
strained to a reasonable number of particles �4000�.

To model mixtures of smooth and rough particles, bidis-
perse mixtures of low friction and high friction particles
were simulated. One of the difficulties is determining the
value of the coefficient of friction that should be used for
interactions between the low friction and high friction par-
ticles in simulating the mixture. In this case, such interac-
tions were assumed to have a coefficient of friction of �
=0.3, the average of the low and high friction particles. The
resulting angle of repose was 19.9±0.9° for a 50% rough
concentration, shown in Fig. 5�c�. Simulations at other con-
centrations of rough particles resulted in a linear relationship
between the concentration of high friction particles and the
angle of repose. Thus, the particle dynamics simulations con-
firmed that the angle of repose changes by varying only the
coefficient of friction.

Finally, a benefit of the particle dynamics simulation is
the knowledge of every particle position. A statistical analy-
sis verified that the number of contacts between low-low,
high-high, and mixed friction particles matched the expecta-
tion for a random distribution of particle contacts. This also
matches the experimental observation of complete mixing of
particles having different frictional properties with no ten-
dency toward segregation.

V. CONCLUSIONS

It is clear that nanoscale surface roughness of a granular
material can affect the macroscale behavior. The dynamic
angle of repose is greater for rough particles than for smooth
particles over a wide range of Froude numbers. Furthermore,
as the concentration of rough particles increases, a corre-
sponding increase in angle of repose occurs, regardless of the

Froude number. However, it is quite difficult experimentally
to wholly capture the effect of the surface roughness solely
in terms of the coefficient of friction. The contact area be-
tween particles is so small that the interlocking of asperities
and stiction can play a major role. Nevertheless, particle dy-
namics simulations verified that increasing the coefficient of
friction between particles alone increases the angle of repose
of the bulk material just as increasing the fraction of rough
particles does.

Even though the angles of repose of the rough and smooth
particles differed substantially, this did not result in either
radial segregation in quasi-two-dimensional tumblers or
banding in three-dimensional tumblers for bidisperse mix-
tures. The absence of segregation both experimentally and
computationally suggests that the segregation mechanisms
based solely on surface roughness or the angle of repose
need to be reconsidered. A variation in the angle of repose
may be necessary for segregation but is clearly not sufficient.
While both properties of surface roughness and angle of re-
pose may play a role in the flowability of granular material,
they do not by themselves appear to cause segregation.
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