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Creeping motion in granular flow
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The core of a quasi-two-dimensional rotating cylinder filled more than half full with glass beads rotates
slightly faster than the cylinder itself and decreases in radius over time. Core precession depends linearly on
the number of tumbler revolutions while core erosion varies logarithmically. Both processes serve to quantify
the slow granular motion in the “fixed” bed and depend on the filling fraction and the tumbler rotation rate. A
simple model, based on experimental observations of an exponential decrease in velocity parallel to the free
surface, captures the primary features of the core dynamics.
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Granular shear flows occur in many geolofid and in- For creep flow experiments, tumblers have the advantage
dustrial settings. Examples include snow, earth, and undethat measurements can easily be made over long times. How-
water avalanches, earthquake fault zones, grain beds adjacever, another important benefit comes from the ability to ob-
to rapidly moving air or water, hoppers, chutes, and mixersserve creep via the dynamics of the “invariant core’—a re-
In the case of free surface flows, much attention has beegion at the center of the tumbler that does not pass through
focused on the regions of high shear. Only lately has it beeghe flowing layer when the container is more than half-filled.
realized, however, that there is also slow relative displaceBecause the core never passes through the flowing layer, the
ment of particles in what was traditionally considered “fixed conventional description of motion predicts that the core is in
bed” regions[2]. These slow relative motions are likely to solid body rotation with the tumbler. That is, the initial con-
significantly alter the stability, density, and mechanical re-ditions (unmixed particlesin the core will be preserved. For
sponse of the bulk material, enhance segregation and diffiexample, the interface between segregated materials, say
sion, and may be critical in cases where stability on geologiwhite on the left and black on the rigtfig. 1), would move
cal time scales is important, such as in nuclear wast@s if it were fixed to the container. This simple model is
disposal. Therefore, a better understanding of shear inducedmarkably successful for predicting mixing. On much
creep flow will be of potential value in many areas spanningonger times scales, however, there is qualitative evidence
an array of disciplines. that the core is dynamic. McCarttst al. [9] reported that

Creeping flow in a fixed bed has been recently measuregfter about 40 tumbler revolutions, the core changes its an-
by Komatsuet al. in flow down a granular piléheap using  gular position with respect to the tumbler, indicating that the
long time scales to detect very slow velocitj@$. Below the  core apparently rotates at a slightly different rate than the
flowing layer, a creep flow region was identified in which the tumbler (core precession Metcalfeet al.[10] observed the
velocity decreases exponentially with depth and with a charcore to decrease in size over tireore erosionh Both pa-
acteristic length scalgy, on the order of a grain diametet,  pers, although preliminary in their investigations, note that
Velocity measurements indicating a similar creep flow regiorcore precession and erosion are strongly dependent on the
in quasi-two-dimensional rotating cylinde(gimblers have  particles used. Sugar balls, salt cubes, and sand particles all
also been reporte(8,4]. give very different precession and erosion rates under other-

Tumblers offer a convenient way to provide a constantyise identical conditions.
driving force to a granular medium. Particles brought con- Here we quantitatively examine the dependence of core
tinuously to the surface by the rotation of the tumbler ava-erosion and core precession on the tumbler rotation fre-
lanche down the slope, are deposited, and then repeat thgiency,v, and the filling fraction,f, and we show how the
process. Motion occurs near the free surface in a lenslikeore dynamics are driven by creeping motion beneath the
region of maximum depth, which is typically 5-12 par- flowing layer.
ticles deep4—8]. Particles in the flowing layer continually
roll and slide about one another as they tumble down the free
surface. A tumbler filled halfway or less with identical par-
ticles, except for color, becomes completely mixed within A quasi-two-dimensional tumbler made of static dissipa-
three or four tumbler revolutions because all particles pasgye acrylic,R=8.88 cm inner radius ang=0.635 cm(seven
through the flowing layer at least once per tumbler revoluparticles thick, is driven at constant angular velocity by a
tion. computer-controlled stepper motésee Fig. 2 The cell

thickness is sufficient to prevent particles from becoming
permanently jammed, but thin enough to suppress axial ef-
*Electronic address: umbanhowar@northwestern.edu fects[11,12. The cylindrical wall of the tumbler is covered
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FIG. 1. Images of the tumbler aftéa) 0, (b) 4, (c) 500, and(d) 1000 complete revolutions showing core development, precession, and
erosion(f=0.663,v=1 rpm). The angular position of the tumbler is the same in all images, while the angular position of the core advances
in the rotation directior(clockwise. A gray scale enhances contrast between the\wnite) and blue(black beads.

with 150-grit sandpaper to prevent particles from slipping.the resulting uniform red and blue regions of unmixed par-
Spherical glass beads with diametsr0.89+0.05 mm and ticles is measured and the core radius is obtained.as
colored with either red or blue Liquitex Glossies scratch-=+/(area/ . The orientation of the core is determined by the
resistant acrylic enamel are used in all experiments. Initiallypboundary between the red and blue particles. Since the
red beads are placed on one-half of the tumbler and an equabundary is typically curved at the outer radius of the core,
mass of blue beads is placed on the other, as shown in Fignly the center 75% of the core is used to determine the
1(a). The filling fraction, f, is defined as the ratio of the orientation. An ellipse is fit to the pixels along the boundary,
volume occupied by the particles, including the interstitialand the core orientation is determined by the direction of the
volume, to the total tumbler volume. For a core to form, themajor axis of the ellipse.

bottom of the flowing layer must lie above the cylinder’s

rotation axis, which requirekto be slightly greater than 0.5.

An experiment consists of continuously rotating the tumbler CORE DYNAMICS

for 1000 revolutions while taking images with a digital cam-
era at a fixed orientation of the tumbler and at regula
intervals—every revolution for the first 20 revolutions and

every five revolutions thereafter. The tumbler rotation fre- . - :
X X . .~ [see Fig. . As rotation continues, the angle of the bound-
guency is varied between 0.5 and 2.5 revolutions per minut g. L] g

) . ry between the two colors of particles in the core advances
(rpm). For »<0.5 rpm, d|scretg avalanches occur, Wh'le for elative to the tumbler, as shown in Figgclland Xd). This
v=2.5 pm, the free surface is no anger flat, but msteac{s core precession. The difference between the core angle and
curves slightly upward on the lower side. ;

. . . . . _its initial value is called the precession angle,The change
The core is defined as the essentially circular domain of b ge 9

. ; . ... In @ per tumbler rotation is defined as the dimensionless
unmixed particles at the center of the tumbler. It is identified , ~ - . i
by applying a spatial low pass filter with a cutoff length of Precession raten=A60/2m7=0/(27v). In addition to illustrat-

approximately 4 to each color image. The combined area ofiNg core precession, Fig. 1 shows that the core radius is
smaller after 1000 revolutions than when formed; this is core

erosion.

Figure 3a) illustrates the increase @fwith the number of
tumbler rotations,N, for several filling fractions. In each
case, f increases approximately linearly witk indicating
that the precession rate is constant during each experiment.
Furthermorem is largest for the smallest filling fraction and
goes nearly to zero for the highest filling fraction, as Fig.
3(b) shows. Figure 3 also shows that the precession rate is
highly sensitive to small changes in filling fraction at ldw
and is relatively insensitive at high Based on Fig. @), a
practical filling fraction to assess the impact of the tumbler
rotation rate isf ~0.7. At this filling fraction, the precession
rate is relatively insensitive to small variationsfinbut it is
still large enough to be measurable over time scales on which
the experimental parameters are stable. Experiments are run
consecutively, in order of alternately increasing and decreas-
ing v, so that the particles are all from the same batch of dye

FIG. 2. The rotating tumbler geometry with the coordinate sys-and the sandpaper in the tumbler is not significantly worn.
tems and the system parameters. Even with these precautions, there is some minor variation in

Images of a typical experiment after 0, 4, 500, and 1000
rcomplete revolutions are shown in Fig. 1. The core becomes
well-defined after approximately four tumbler revolutions
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9 and slightly negative. We believe that this is due to slipping
3601 00°900 of the entire bed opposite to the rotation direction, since in
o © o preliminary experiments without sandpaper on the cylinder
%\ 270t o9 wall, this effect was significantly more pronounced.
go Y The core radius decreases logarithmically witHor all
L 180 ¢ 1 filling fractions and with nearly equal slopes, as Figa)4
> 00 ¢ A BA shows, except at the highest valuesfoHere, forf:Q.SfLQ
90+ o Y AAAA AAAAADL . and to a lesser extent fdr=0.705, the core radius initially
'O ALL o oo og decreases logarithmically, but is nearly constant between 100
0@ 607 $ 5 5 BRBEE 8¢ 5 Q Q RRYKR and 1000 revolutions. There is no systematic variation in the
0 250 500 750 1000 slope withf, and the initial core size,y, increases approxi-
(a) N (revolutions) mately linearly withf. In Fig. 4b), r. again decreases lin-
3 4 early with InN for all », and the slope exhibits no systematic
1.5 x10 - . 4X10 dependence om. At higher rotation frequencies, the initial
core radius is slightly smaller than at smaller rotation fre-
" Ly ) quencies.
0.5
ol 0t , , VELOCITY PROFILE
0.6 0.7 0.8 0 1 2 is ol ¢ : | its th hat h
) f © v (rpm) It is clear from our experimental results that what has

traditionally been called the fixed bed is, in fact, not fixed.
FIG. 3. (a) Evolution of the precession angle, for different fil ~ Even particles that never enter the classically defined flowing
fractions: ¢, f=0.631: A, f=0.663: 1, f=0.671:0, f=0.705:; *,  layer move relative to one another, resulting in core erosion,
f=0.849(v=1 rpm). Data were taken every fifth revolution; values and move relative to the tumbler, evident as core precession.
averaged over 45 rotations are showh). The precession ratmvs ~ The primary features of core precession and core erosion
f from (a); the solid curve is a fit to our model, which givgg/d  follow from a simple two-region model of the velocity field.
=3.4.(c) Dependence o on the tumbler rotation rate &=0.70.  To illustrate these different regions, Fig. 5 presents measure-
The solid curve is a fit to our model, which also yiejglgd=3.4,  ments of the particle velocity parallel to the flowing layey,
and according to which the primary mechanism for the increase irmcquired in the middle of the free surface and in a reference
m with » is the increase in the depth of the flowing lay@rThe  frame rotating with the tumbler. The data were obtained us-
uncertainty inf is +0.003 in all cases. ing the combined particle-image velocimet(®IV) and
particle-tracking velocimetryPTV) measurement technique
the measured value of the precession rate. We speculate thdgscribed in Refl4]. The decrease of velocity with depth in
this variation occurs because the filling fraction does nothe flowing layer for our experiment is approximately linear
uniquely determine the state of the system: humidity, prepaand is described by;=Una— vy, Wherey is the depthl,ax
ration history, details of the particle size distribution, andis the velocity at the surface, andis the shear rate. The
other factors are all expected to influence the results to somexact functional form of the velocity profile in the flowing
degree. Figure (8) showsm averaged over five experiments layer, which depends on the angle between the free surface
as a function ofv for f=0.7. The precession rate increasesand the angle of repogé3], does not affect the conclusions
with v. At the lowest rotation ratey=0.5 rpm,m is small  of our model. For depths greater than the flowing layer thick-

0 0

-3

(rc—ro)/d

-9

InN

FIG. 4. (a) Decrease in scaled core radids,—rg)/d vs InN for various filling fractions(v=1 rpm): ¢, f=0.631;A, f=0.663;0], f
=0.671;0, f=0.705; and *,f=0.849.(b) Dependence ofr.—rg)/d vs InN on v for various rotation rateéf=0.700: ¢, v=0.5 rpm; A,
v=1rpm; 0, v=1.5 rpm; O, »=2 rpm; and *,»=2.5 rpm. In both(a) and (b) the slope of the data is nearly constant and matches the
predictions of our modglEq. (2)]. The slopes of the solid lines arel and—2 and correspond to characteristic length scales from our model
of d and &, respectively. Data were taken every fifth revolution; values averaged over fixed ratio inté@rta® are shown.
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15 v, m will increase nearly exponentially witf» [14]. The

solid curve in Fig. &) is a fit to this equation, which again
givesyy=3.4d. (iii) The primary assumption of our model is
thatu is independent of at constant depth. This assumption
breaks down when the core is large becatise no longer
approximately constant and independentafue to the lens-
like profile of the flowing layer. A second reason for the
breakdown of this assumption is that the core radius can
become larger than the free surface length. Both effects will
lead to overestimates ofi at largef. Additionally, the veloc-

yid ity field is not exactly parallel to the free surface far from the

middle of the flowing layer, which also leads to overesti-
FIG. 5. Velocity parallel to the free surface vs scaled depth atmates ofm.

the middle of the free surface measured using PIV/PTV velocimetry
(f=0.67 v=1 rpm). The slope of the solid line gives=27.5 s*.
The inset, with a logarithmic ordinate, shows the exponential veloc-
ity regime; the solid line is a fit talpe™0 with y,=1.481 and u, To model core erosion, we again consider the flow in the
=101 cm/s, sou=yo=3.62 cm/s andéd=yoIn(up/u)=4.93.  exponential velocity region and construct a diffusion coeffi-
Data are analyzed in the reference frame of the rotating cylinder. cjent D as the product of the particle diameter and the rela-
tive velocity difference across a partictiidu/ dy|. After sim-
ness,s, the rate of velocity decrease with increasing depthplifying, D(r, ¢)=d?ye!®og/ ©©s#¥o, The variance of the
becomes exponentidinset of Fig. 5. Here the velocity is particle position isc?=Dt so that the total variance for a
given by u.=u,e™¥0, and is in accord with the results in point rotating with the tumbler afteN rotations is o2
Refs. [2-4] showing creeping motion below the flowing = [}/"Ddt = (N/7v)[ZDd¢ = (NPy/ mv)el>Do[Telr cosd)ivo
layer. Equatingu; and u, with the characteristic velocity of X d¢.The integral term isr times the modified Bessel func-
the transition between the two regimes, gives the transi- tion 15, which, for r>y, has the limiting form
tion depth between the two regionss (Uma—Uy)/ ¥, as well ¥/ 27r /y,. This expression is dominated by the exponen-
as up=ueo. Matching the shear rates =45 gives u; tial in our experiments so we takg~ Ce”¥o, whereC is a
=vyo, Which connects the characteristic physical quantitiexonstant. With the assumption that the core becomes mixed
of the freely flowing and creeping flow regimes. when o is O(d), we seto=d and solve for the radius of the
interface between mixed and unmixed regidins., the core
radiug,

u (cm/s)

EROSION

PRECESSION

Core precession can be modeled by considering the con- ruN) = (b-6) —yoln<QN) =ro-YoIn N. 2)
tribution of the velocity in the creep regime to the local ¢ v
angular velocity. The creep velocity is assumed to be parallel

to the free surface, and its contribution to the radial velocity . Equation(2) predicts that Versus I\ should be Im_ear
g X . . . . with a slope equal tg,, and that this slope should be inde-
is ignored since the core remains virtually circular in the

experiments. At a radial distanaefrom the rotation axis pendent ofv and . To vgnfy this prediction, F|g_. 4 pI.OtS
and at an anglep away from perpendicular to the free (re=rg)/d versus InNN and indicates that the slope is basically

. constant and corresponds to <%,/d<-1 (solid lines in
surface, U, produces an angular velocityé(r,¢)  figure have slope-1 and —2). For the two largest (f

=(Up/r)e" ©5¢™PM0 cosp (see Fig. 2 Substituting in the ex- =0 705 and 0.849in Fig. 4(a), the slope of versus InN is
pressions fol, and u; and expanding the exponential near not constant over the entire rangeNf but appears to satu-
the center of the corr <yy), followed by averaging ove  rate aftetN~300 andN~ 100 rotations, respectively. As was
and dividing by the rotation frequency of the tumbler, yieldsthe case with the precession analysis and for the same rea-
. sons, the model predictions for core erosion are expected to
m= le(f*bwo' (1) be inaccurate for large cores and will lead to overestimates of
Amy the slope ofr; versus InN. Finally, the observed decrease in
Equation(1) has the following implications for core pre- _the initial_core_ ra_dius Wifth increa_\sing is explained by the
cession{(i) At constant and forf < 0.9, the argument of the Ncrease ins W|th_ increasingy, as is discussed above for the
exponential is dominated by changesbir (wR/2)(f-1/2), ~ Case of precession.
so m(f) = (y/ 4mv)eMoe=™R(I-112/2% The solid curve in Fig.
3(b) is a fit to this equation, which shows the exponential DISCUSSION
dependence o on f, and Whlch givesyp=3.4d. (ii) At Core precession and core erosion give information about
constant f and at the middle of the free surface, {he creeping motion below the freely flowing layer. Our
6=Lv2mvly, whereL is one-half the free surface lendthl. ~ model—based on an exponential velocity profile below the
Substituting this expression into Eq(l) gives m freely flowing layer—is in agreement with the results of core
=(yl4mrv)e™Yoe¥o2m!Y The model predicts that at large precession measurements, showing a linear dependence of
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precession angle oN, an exponential decrease in the pre-ing layer they come to rest in a locally stable orientation.
cession rate with increasinf, and a nearly exponential However, the forces exerted by gravity, other particles, and
increase inm with increasingy». The logarithmic dynamics the container walls change as the tumbler turns. Eventually
of core erosion agrees well with our model except at theghe local configuration may become unstable causing a rear-
highestf where the model is expected to be inaccurate.  rangement. If it occurs before the group has rotatedrby,
Two discrepancies between the model predictions and thihe core will advance; if it happens after 2, the core will
experimental data should be noted. Fingf,obtained from recede.
the precession measureme(s3.4d) is larger than the value It is also important to remark that, as noted, the presence
of yo=1.5d measured directlyFig. 5) and obtained from the of walls affects the velocity field and other global properties
slope ofr. versus InN (Fig. 4), and from the values in the such as the angle of repose in the tumbler as well as in other
literature of 1.4l and 2.5l from Refs.[2,3], respectively. In laterally confined free surface granular flofds]. Possibly,
the latter case, there could be many reasons for this distindhe onset of the creep flow regime is related to the transfer of
tion, chief among these being differences in material properweight to the walls via frictional forces and is related to the
ties and environmental factors. However, in the former caseJanssen effecfl16] in which the pressure in a column of
the value of 3.4 obtained near the core for two independentgrains saturates at depths comparable to the width of the
data sets and the value of dl.6btained further from the core container. However, in terms of the model presented here,
by way of PIV/PTV and the core erosion rate point to thethe wall interactions are expected to influence the values of
possibility of a change in the functional form of the velocity constantge.g., y and §), but not the functional form ofi.
profile between these two regions. Second, the constant pre- Erosion and precession in a tumbler are observable con-
cession rate obtained near the core cefiiry. (1)] should  sequences of slow creeping motions in granular beds. Mea-
only be valid forr <y, At largerr, the local precession rate surements of these processes lead to modifications of the
should increase and lead to a curved interface between tlmnventional understanding of granular flow in a quasi-two-
colored particles. A curved interface is visible in Fig. 1 neardimensional rotating tumbler. More importantly, however, is
the outer core, but in the core interior, the interface is straighthe possibility that quasi-two-dimensional tumblers can be
for r >y, in even the longest runs. used as diagnostic tools to investigate the creep flow of ma-
These inconsistencies suggest the possibility that the exerials. Important questions remain: how do particle charac-
ponential decrease of velocity with depth is only valid over ateristics, e.g., roughness and shape, affect the creeping flow,
finite depth interval. Our direct velocity measurements, asvhat is the influence of the finite thickness of the container,
well as those of Komatset al. and Bonamyet al. [2,3], and what, if any, modifications must be made to the expo-
extend only to depths of 8—ti2For f=0.631, our shallowest nential velocity profile far below the freely flowing layer in
core, the core center is already aboutl Below the freely tumbler driven and other free surface granular flows.
flowing layer. Core erosion data would not be significantly
affected by a modification ir_Je until the depth of the top of ACKNOWLEDGMENTS
the core was below the conjectural lower bound of the expo-
nential scaling region. A modification of the exponential pro- This work was supported by the Engineering Research
file could be universal or may instead be unique to tumblersProgram of the Office of Basic Energy Sciences of the De-
In a tumbler, after a group of particles pass through the flowpartment of Energy.

[1] Particulate Gravity CurrentsSpecial Publication of the IAS, Ottino, AIChE J.42, 3351(1996.
No. 31, edited by W. McCaffrey, B. Kneller, and J. Peakall [10] G. Metcalfe, L. Graham, J. Zhou, and K. Liffman, Cha@s
(Blackwell Science, Malden, MA, 2001 581 (1999.

[2] T. S. Komatsu, S. Inagaki, N. Nakagawa, and S. Nasuno, Phyg11] J. Duran,Sands, Powders, and Grair{Springer, New York,
Rev. Lett. 86, 1757(2001). 2000.

[3] D. Bonamy, F. Daviaud, and L. Laurent, Phys. Fluit 1666 [12] G. H. Ristow, Pattern Formation in Granular Materials
(2002. (Springer-Verlag, Berlin, 2000

[4] N. Jain, J. M. Ottino, and R. M. Lueptow, Phys. Fluidg, [13] L. E. Silbert, J. W. Landry, and G. S. Grest, Phys. Fluids 1
572(2002. (2003.

[5] D. V. Khakhar, A. V. Orpe, and J. M. Ottino, Adv. Complex [14] The predictions of our model are only valid in the continuous
Syst. 4, 407 (2002). flow regime. For smalb, discrete avalanches occur, while for

[6] N. Jain, J. M. Ottino, and R. M. Lueptow, J. Fluid Mech08 large v, cataracting and centrifuging is observed.
23 (2004. [15] See, for example, S. Courrech du Pont, P. Gondret, B. Perrin,

[7] A. V. Orpe and D. V. Khakhar, Phys. Rev. Le®3, 068001 and M. Rabaud, Europhys. Let61, 492 (2003; N. Taberlet,
(2004. P. Richard, A. Valance, W. Losert, J. M. Pasini, J. T. Jenkins,

[8] K. M. Hill, G. Gioia, and V. V. Tota, Phys. Rev. Lett91, and R. Delannay, Phys. Rev. Let®1, 264301(2003, and
064302(2003. references therein.

[9] J. J. McCarthy, T. Shinbrot, G. Metcalfe, J. E. Wolf, and J. M. [16] H. A. Janssen, Z. Ver. Dtsch. In@®9, 1045(1895.

031304-5



