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An experimental study of the flowing granular layer in a rotating tumbler
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Granular flow in a rotating tumbler is of theoretical and industrial significance. However, in spite of
its relative simplicity, little is known about the dynamics of the top flowing layer. Here we present
an experimental study of the velocity field within the fluidized layer of monodisperse particles in a
quasi-2D ~two-dimensional! rotating tumbler in the rolling flow regime using particle tracking
velocimetry. The granular flow is illuminated by a laser flash and recorded using a charge coupled
device camera. Image processing is used to remove the experimental noise and to achievesub-pixel
accuracy in calculating the particle displacements. The ensemble-averaged streamwise and
transverse velocity profiles are calculated based on the particle displacements for three angular
velocities and three bead sizes. The normalized streamwise velocity profile is linear throughout the
fluidized layer, but becomes logarithmic as it enters the ‘‘fixed’’ bed where slow particle
rearrangements dominate. The rms velocities appear to be exponentially related to the depth in the
layer. Nondimensionalizing the number density in the fluidized layer with a geometric factor based
on the square packing results in collapse of the data over a range of bead sizes and angular
velocities. © 2002 American Institute of Physics.@DOI: 10.1063/1.1431244#
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I. INTRODUCTION

An understanding of granular flows, in particular tum
bling, is of practical importance given numerous applicatio
in the pharmaceutical, cement, polymer, agrochemical,
metallurgical industries. Horizontal cylindrical rotating tum
blers partially filled with granular material are used indu
trially for mixing, calcination, and coating operations. D
pending on the speed of rotation, different flow regim
occur—avalanching, rolling or cascading, cataracting, a
centrifuging.1–3 This paper focuses exclusively on the rollin
regime. The bulk of the material in the fixed bed rotates a
solid body~except for slow particle rearrangements!4 until it
reaches its dynamic angle of repose, and the flowing mate
is confined to the thin layer rolling down the free surfac
The flow at the free surface is steady, and the free surfac
nearly flat. The shape of the flowing layer is lenticular and
the case of our experiments is 5–10 particles thick, depe
ing on the speed of rotation.

Unlike liquid mixing,5 a complete understanding o
granular mixing is hindered by the absence of an accepted
of governing equations. Attempts have been made to mo
mixing and segregation of granular material from a co
tinuum viewpoint.3,6,7 Models for the advection of the par
ticles often depend on the velocity profile and the parti
number density variation in the flowing granular mediu
For example, in a continuum mechanics model for transve
flow, both a linear velocity profile and a Bagnold veloci
5721070-6631/2002/14(2)/572/11/$19.00
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profile as well a constant number density in the flowing lay
and the bed have been used.6

The most detailed experimental study measuring the
locity profile in the fluidized layer of a rotating tumbler is th
work by Nakagawaet al. using magnetic resonance imagin
~MRI!.8 These investigations found that:~i! The velocity pro-
file is approximately linear except near the interface betw
the layer and the bed;~ii ! the velocity varies along the lengt
of the layer with a maximum near the center of the layer; a
~iii ! the number density decreases across the flowing la
from the bed to the free surface. However, this work w
qualitative in nature and was focused on the capability
MRI for measuring granular flows. Furthermore, the para
eter space that was studied was limited. Only the ang
velocity of the system was varied, while other paramet
such as bead size and bead density were held constant.
tow performed a molecular dynamics simulation of the flo
ing layer and obtained results that were qualitatively sim
to those of Nakagawa.9 But once again, only the angula
velocity was varied.

Our objectives in this paper are twofold. First, we d
scribe a method to apply particle tracking velocimetry~PTV!
to the measurement of the velocity and number density p
files in a 2D granular flow. Several techniques in addition
MRI are suitable for opaque, three-dimensional~3D! granu-
lar flows including positron emission particle tracking,10

x-ray imaging,11 radioactive tracers,12 diffusing wave spec-
troscopy,13 fiber-optic probes,14 and layering of granules o
different colors.15
© 2002 American Institute of Physics
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573Phys. Fluids, Vol. 14, No. 2, February 2002 Flow in a granular layer
Optical velocimetry techniques such as particle ima
velocimetry~PIV! are an effective means to measure the
locity in 2D granular flows with high temporal and spati
resolution.16–19PIV, which is commonly used for measurin
fluid flows, applies cross-correlation techniques to image
granular particles in a visible plane of the flow to meas
the statistically averaged displacement and velocity of p
ticles in a small region of the image. PTV, which is based
the measurement of individual particle displacements, allo
the acquisition and analysis of an enormous amount of d
with high spatial resolution. Unlike PIV, PTV is insensitiv
to steep velocity gradients. This is especially important
the thin fluidized layer in a rotating tumbler. Of course, t
opacity of the particles limits PTV to quasi-two dimension
flows observed through a clear window. This quasi-2D
ometry can result in a small tangential friction force ev
with smooth endwalls, but in general this wall friction
small relative to the interparticle friction and collision
forces.20 Finally, an understanding of two-dimensional flow
is often central to the understanding of three-dimensio
flows,21–26 and the PTV technique presented here can ea
be extended to many other quasi-2D granular flows.

Our second objective is to thoroughly investigate t
character of the flowing layer of a granular media in a rot
ing tumbler to provide a better understanding of this fun
mental granular flow. We include profiles of the streamw
velocity, transverse velocity, granular temperature, and n
ber density for variations in the size and density of the gra
lar particles as well as the rotational speed of the 2D tumb
We scale the velocity profile and number density pro
based on physical arguments. Such scaling results are o
rect utility in engineering design for scale-up of large sy
tems based on experimental results from small system27

The relationships presented here appear to work reason
well for the parameter space studied.

II. EXPERIMENTAL PROCEDURE

The 2D circular tumbler is shown schematically in Fi
1. The flowing layer has a lens-like shape. The predomin
velocity is in the x direction. Since the flow region is

FIG. 1. The rotating tumbler geometry with the coordinate system and
system parameters. Curves indicate the path of particles.
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function of x, it follows that the streamwise velocity i
u5u(x,y). By continuity, there exists a transverse veloc
v5v(x,y). The actual system is 28 cm in diameter (2L).
The back surface of the tumbler is an aluminum plate an
ized black to minimize the optical noise effects in the PI
PTV images. The front face-plate is clear acrylic to perm
optical access. The axial thickness of the tumble (t) is varied
from 3.2 to 9.5 mm by using various thickness space
acrylic sheets with a 28 cm hole, between the front and
back plates. The tumbler diameter is more than an orde
magnitude larger than the thickness of the tumbler to ass
a nearly two-dimensional flow of the granular material.
computer controlled stepper motor rotates the tumbler
speeds (v) between 0.052 and 0.168 rad/s, corresponding
an order of magnitude change in the Froude numb
Fr 5v2L/g, from 0.3931024 to 4.031024.

Spherical glass beads with diameters (d) of 1 mm ~0.99
60.04 mm!, 2 mm~2.0560.08 mm!, and 3 mm~3.0060.008
mm! ~Quackenbush Co.! are used for the experiments. Th
dimensionless thickness of the rotating tumbler is set att/d
53.2 to ensure the same effective two-dimensionality for
bead sizes and to maintain similarity with respect to t
parameter. The filling fraction for all experiments is 50%.

The key results of this work are the streamwise~x-
component! velocity (u) and transverse~y-component! ve-
locity (v) along with the number of particles (N) as func-
tions of the transverse coordinate (y). Most measurements
are made near the center of the rotating tumbler (x50)
where the thickness of the flowing layer (d) is greatest. A
small number of measurements are made both upstream
downstream of the center.

The clear side of the tumbler is illuminated by dual-YA
laser system~532 nm! in a back-scatter mode. The cylindr
cal beam passes through a diffuser plate to generate a b
flash of light. The light reflected back from the layer of pa
ticles adjacent to the clear sidewall of the tumbler is record
by a standard PIV system having a charge coupled de
~CCD! camera with a resolution of 101631000 pixels. The
PIV system synchronizes the camera, laser flashes, and f
grabber to obtain pair of images separated by a small t
delay (;1023 s!. Pairs of images are obtained at a frequen
of 15 Hz. The camera’s field of view is set to capture
region about 3 cm square, corresponding to 10–30 part
diameters. Typically, 99 image pairs are obtained over s
eral seconds of steady-state operation.

The procedure to calculate the velocity vectors requi
four steps:~i! Image processing to improve the image qu
ity; ~ii ! locating the centers of particles;~iii ! PIV calculation
to guide PTV calculations; and~iv! PTV calculations to ob-
tain final velocity vectors. Image processing is necessar
remove non-ideality introduced by the imaging and illumin
tion system. A sample of the raw image of the flowing lay
is shown in Fig. 2~a!. The particles are approximately 30–5
pixels in size, depending on the magnification. The bla
background minimizes noise making the image thresh
more effective. Upon illumination, the beads have a sm
bright spot near their center that is about 10 pixels in dia
eter. The bright spot is tracked and the remaining portion

e
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FIG. 2. Image processing steps used to minimize
background noise:~a! Raw image;~b! after edge detec-
tion; ~c! after dithering;~d! final processed image afte
erosion.
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the bead in the image is eliminated by thresholding. Ho
ever, reflections and scratches on the acrylic window in
fere with the image clarity and are not easily removed
simple thresholding making further image processing nec
sary. The first step is edge detection resulting in large s
dots corresponding to the bright spot on the beads and s
spots corresponding to noise as shown in Fig. 2~b!. Convert-
ing the intensity to ‘‘on’’ or ‘‘off’’ for each pixel ~dithering!
provides a negative image like that shown in Fig. 2~c!. The
dithered image is eroded to remove the small spots relate
noise resulting in the image shown in Fig. 2~d!. After ero-
sion, the top right portion of the image indicates that t
image is nearly free of noise.

Sub-pixel accuracy in finding the location of individu
particles is achieved by masking the original image@Fig.
2~a!# with the processed image@Fig. 2~d!#. The black regions
in the processed image pick up the intensity from the origi
image while the white regions are set to zero. A Gauss
surface is then fitted to the intensity distribution for ea
particle to identify the center of the particle with subpix
resolution.

Although we have successfully applied PIV to granu
flow,18 the flow considered here presents unique difficult
and is a more stringent test of the technique. The fluidi
layer in a rotating tumbler is only 5–10 particles thick a
has a very steep velocity gradient. Consequently, having
adequate number of particles in the PIV interrogation reg
requires it to be as large as the thickness of the layer re
ing in inadequate spatial resolution. The problem can
solved by calculating the displacement of individual partic
using PTV guided by crude estimates of the velocity fie
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obtained with PIV as suggested by Cowen and Monismith28

Based upon the particle location in the first image and
PIV approximation of the velocity field, the position of th
particle in the second image of the pair is predicted. To i
prove the prediction, a cross-correlation between the part
location in the first image and the predicted position in t
second image is calculated for a square region 7 pixels o
side. A Gaussian surface is fitted to the cross-correla
peak to determine the spatial shift corresponding to ma
mum correlation value to sub-pixel resolution.28 A particle in
the second image is taken as the pairing particle only if i
the only particle present within the specified vicinity of th
estimated position.

Figure 3 is a sample of the displacement vectors gen
ated from a pair of images for the region shown appro
mately in figure’s inset. The velocity vectors are calculat
from the displacement vectors using the time delay betw
the two images of an image pair. Since the velocity is mu
higher at the surface of the flowing layer than at the interfa
between the layer and the bed, three different time del
between images are used for each experimental conditio
provide adequate resolution of the displacement through
depth of the flowing layer. The results are overlaid to obt
optimal resolution of the velocity. One problem with inte
preting the data from measurements like those in Fig. 3
determining the location of the surface of the flowing lay
To do this, displacement vectors from 99 image pairs
overlaid to create a plot similar to Fig. 3 except with a mu
higher density of vectors. Then a line parallel to the flow
positioned as close as possible to the vectors so that all
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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575Phys. Fluids, Vol. 14, No. 2, February 2002 Flow in a granular layer
obviously extraneous vectors are enclosed. This line is se
y50.

Images of the bead positions like that shown in Fig. 2~d!
are also used to determine the bead number density profi
the flowing layer. A rectangular window of length;2 cm
~800 pixels! perpendicular to the flowing surface and wid
;1 cm ~400 pixels! along the flowing surface is used for th
number density calculation.~The narrow dimension paralle
to the flowing surface is necessary to avoid double-coun
particles consecutive images.! This window is divided into a
number of bins perpendicular to the flowing surface, and
number of particles present in each bin is summed.

III. RESULTS

To obtain the velocity profile in the flowing layer, th
velocities of the particles in a narrow strip about three p
ticles wide in the streamwisex-direction and extending into
the fixed bed in the transversey direction at the center of the
tumbler (x50) are collected from all 297 image pairs~99
image pairs at each of three delays between images!. The
delay between image pairs is long enough so that the s
particles do not appear in the narrow strip for consecu
image pairs except very near the fixed bed. The dimens
less streamwise (u) and transverse (v) velocity profiles for
the particles are plotted in Fig. 4 for 3 mm spherical gla
beads tumbled at 0.168 rad/s. The velocity profile is plot
in the traditional boundary layer format with the veloci
plotted along the horizontal axis as a function of the dista
from the top of the flowing layer plotted along the vertic
axis. In this figure, the radius of the tumbler (L) and angular
velocity (v) are used for nondimensionalization. The lar
number of particle velocity measurements provides stat
cally meaningful information about the flow dynamics. T
solid curves represent the average velocity profile and

FIG. 3. Sample displacement vectors generated from a pair of images
PTV. The square region in the inset shows the approximate position o
image region, although the size of the image region is not to scale.
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dashed curves represent one standard deviation from the
erage profile. Except for the mean transverse velocity pro
which is a line atv50, the curves are based on a third-ord
polynomial fit through the mean and standard deviation c
culated for each of 20 bins in the transverse direction. T
scatter in the particle velocities increases near the flow
surface and decreases near the interface between the flo
layer and the fixed bed. The average transverse velocity c
ponent is negligible with an equal scatter on both sides
v50. The standard deviation is only slightly larger for th
streamwise velocity than for the transverse velocity.

Of key interest is a scaling law for the velocity profile
The simplest situation corresponds to a half-full cylind
with a thin flowing layer,d/L!1, as is the case in thes

ing
e

FIG. 4. Scatter plot of streamwise (u) and transverse (v) velocities for 3
mm beads rotated at 0.168 rad/s as a function of depth (y) at x50. The solid
curve is a third-order polynomial fit through the data. The dashed curve
either side of the solid curve correspond to one standard deviation.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



s
he
ia
re
er

u
-

v
a
er
i

he
o

th
na
ta

nd

e
m
fo

y
b

ads
be-
ur-

gu-
o
s,
ular

ity

xi-

g
it is
h
oc-
ve-
er,
ses
t of
he

,

2

576 Phys. Fluids, Vol. 14, No. 2, February 2002 Jain, Ottino, and Lueptow
experiments. Assume that the number density of particle
the flowing layer is similar to that in the fixed bed. Since t
bed rotates essentially as a solid body, all of the mater
pass through the flowing layer in half a revolution. The
fore, the volumetric flow rate in the layer per unit cylind
thickness calculated at the midpoint (x50) is

Q05
pL2

2

v

p
5

vL2

2
. ~1!

Thus, the average velocity in the flowing layer is

uav5vL2/~2d0!, ~2!

where d0 is the thickness of the flowing layer atx50. A
more detailed analysis can be done by taking into acco
the finite thickness of the layer.6 The error of the approxima
tion is (d0 /L)2!1. Based on Eq.~2!, the velocity should
scale withvL2/d.

Using this scaling requires thatd be determined from the
data. Considerable care is necessary in determiningd to
avoid a bias due to assumptions about the shape of the
locity profile, which, for instance, could occur by fitting
polynomial to the velocity profile. Instead, the flowing lay
is subdivided into 20 bins, so that the average streamw
velocity in the last bin~nearest the fixed bed! has a zero or
slightly negative value, while all other bins are positive. T
flowing layer thickness and other important parameters
the flow are summarized in Table I.

The average streamwise velocity is plotted using
above scaling for 3 mm beads at three different rotatio
speeds in Fig. 5~a!. The scaling results in collapse of the da
for 0.052 rad/s<v<0.168 rad/s. Figure 5~b! shows a similar
collapse for three different bead sizes~1, 2, and 3 mm!
tumbled at rotational speed of 0.052 rad/s.

The velocity profiles for three different bead sizes a
three different rotational speeds~nine cases! are shown in
Fig. 6~a!. The universality in the scaled velocity profil
breaks down. Two different, but qualitatively similar, strea
wise velocity profiles result. One set of profiles results
small beads~1 and 2 mm! and high angular velocities~0.094
and 0.168 rad/s!; the other set of profiles is for small beads~1
and 2 mm! at a low angular velocity~0.052 rad/s! and for
large beads~3 mm!. A possible reason for nonuniversalit
may have to do with the size dependence for transition

TABLE I. Granular flow parameters atx50.

d ~mm! Material V ~rad/s! d0 ~mm! umax ~m/s!

1 glass 0.052 8.4 0.187
1 glass 0.094 9.1 0.507
1 glass 0.168 9.8 0.709
2 glass 0.052 9.8 0.173
2 glass 0.094 11.9 0.335
2 glass 0.168 13.3 0.548
3 glass 0.052 12.6 0.118
3 glass 0.094 14.0 0.216
3 glass 0.168 15.4 0.260

2 steel 0.094 16.8 0.263
2 steel 0.168 18.2 0.462
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tween the rolling and cataracting regimes. For smaller be
at high angular velocities, the varying interchange rate
tween the fixed bed and the flowing layer results in the s
face tending toward a slights-shape.29 For this reason the 3
mm beads collapse to a single profile for the different an
lar velocities while 1 and 2 mm beads fall onto one of tw
velocity profiles, depending on the angular velocity. Thu
the physics of the flow changes as the bead size and ang
velocity change resulting in two different scaled veloc
profiles, one for each of the two different flow regimes.

Another ‘‘scaling’’ is shown in Fig. 6~b!, where the
streamwise velocity profile is normalized using the ma
mum velocity at the top of the flowing layer,umax. Using
umax to nondimensionalize the velocity is not truly a scalin
based on independent parameters of the system, but
useful to show the similarity of the velocity profiles muc
like the measured boundary layer thickness or friction vel
ity are used in the analysis of turbulent boundary layer
locity profiles. This figure indicates a somewhat bett
though not perfect, collapse of the nine experimental ca
than Fig. 6~a!, and this collapse seems to be independen
small changes in the physics of flow. More importantly, t

FIG. 5. Scaled streamwise velocity profile atx50. ~a! 3 mm beads at 0.052
0.094, and 0.168 rad/s.~b! 1, 2, and 3 mm beads at 0.052 rad/s. Symbols:m,
1 mm beads;j, 2 mm beads;d, 3 mm beads. Symbol fill: open, 0.05
rad/s; gray, 0.094 rad/s; black, 0.168 rad/s.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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577Phys. Fluids, Vol. 14, No. 2, February 2002 Flow in a granular layer
similarity in the velocity profiles is evident in Fig. 6~b!. The
velocity profile is nearly linear from the surface of the flow
ing layer well into the layer, smoothly approaching zero v
locity near the fixed bed. These results are similar to th
for the flowing layer of a 3D tumbler at a lower fill~8%–
15%! measured using an invasive, fiber optic probe.14

It is helpful to plot the streamwise velocity using sem
log and log–log coordinates in an attempt to characterize
velocity profiles. Figure 7 shows the same data in Fig. 6~b!,
except plotted using various logarithmic coordinates. Usin
logarithmic scale for the transverse coordinate in Fig. 7~a!,
suggests thatu/umax;ln(2y/d) in the lower part of the layer
near the fixed bed. But the logarithmic dependence of ve
ity on transverse position breaks down in the upper half
the flowing layer (ln(2y/d),20.7). The other alternative fo
a semilog plot shown in Fig. 7~b! does not collapse the data
Not surprisingly, plotting the velocity profile using log–lo
coordinates collapses the data fairly well, as indicated in F
7~c!. But it fails to suggest a power law relation. Cons
quently, Fig. 6~b! showing a velocity profile that is nearl

FIG. 6. Streamwise velocity profile atx50 for nine cases.~a! Scaling of
velocity based on mass balance;~b! velocity normalized by the velocity a
the surface of the flowing layer,umax. Symbols:m, 1 mm beads;j, 2 mm
beads,d, 3 mm beads. Symbol fill: open, 0.052 rad/s; gray, 0.094 ra
black, 0.168 rad/s.
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linear from the surface of the flowing layer and Fig. 7~a!
showing the velocity profile logarithmically approachin
zero velocity near the fixed bed seems to best describe
streamwise velocity profile.

To test the effects of particle density on the veloc
field, experiments are also performed for steel beads wi

;

FIG. 7. Replotting the streamwise velocity profile atx50 in various forms.
Symbols:m, 1 mm beads;j, 2 mm beads;d, 3 mm beads. Symbol fill:
open 0.052 rad/s; gray, 0.094 rad/s; black, 0.168 rad/s.
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diameter of 2 mm and a density of 7.5 g/cm3 ~compared to a
density of 2.5 g/cm3 for glass beads!. Like the glass beads
the steel beads are also coated black for optimal image
cessing. Velocity measurements are made atx50 for v
50.094 rad/s andv50.168 rad/s. A comparison of the ve
locity profiles for steel and glass beads are shown in Fig
The velocity profiles for the steel and glass beads ove
suggesting that the streamwise velocity profile and its sca
may be independent of the bead density. This result is c
sistent with the similarity in the shape of the flowing lay
cross-section for identical Froude number and bead size
dependent of particle density.29 However, the apparent simi
larity in the velocity profile still needs to be examined ove
wider range of sizes, densities, and rotational speeds.

The scaling arguments presented to this point are lim
to the center of the flowing layer. The previous mass bala
argument can be generalized to scale the velocity pro
measured at any streamwise location along the layer. F
layer of thicknessd(x) at positionx, the distance along a
radial line from the flowing layer-bed interface to the wall
the tumbler isL2Ax21d2. Consequently, the distance fro
the center of rotation to the midpoint of the fixed bed alo
this line is (L1Ax21d2)/2. Assume the density in the flow
ing layer is about the same as that in the bed. Then m
balance for the flowing layer and the fixed bed results in

uavd5F S L1Ax21d2

2 DvG~L2Ax21d2!, ~3!

which is identically zero atx56L, sinced(6L)50. This
equation can be rewritten as

uav5
vL2

2d
@12~x/L !22~d/L !2#. ~4!

For d0 /L!1, uav}(vL2/d)@12(x2/L2)#, similar to pre-
vious forms,2 suggesting that the velocity scales
ud/@vL2(12(x2/L2))#. The scaling relation for the cente
of the layer (x50) is therefore a special case of this gene
scaling.

FIG. 8. Streamwise velocity profile atx50 for 2 mm glass and steel bead
Symbols:j, glass beads;d, steel beads. Symbol fill: open, 0.094 rad/
black, 0.168 rad/s.
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Experiments are performed using 1 mm beads at th
locations:x/L520.57,x/L50, andx/L50.70. The stream-
wise velocity profiles at these three positions along the la
collapse using the above scaling as shown in Fig. 9. T
collapse is remarkable given that the dimensional veloci
differ by a factor of 2.

The transverse velocity also depends on the streamw
position. Figures 10~a! and 10~b! show the transverse veloc
ity profile, v, at the upstream and downstream positio
respectively, based on 10 bins across the flowing layer.
velocity in these plots is scaled by the angular velocity a
the radius of the tumbler while the transverse coordinate
scaled by the thickness of the flowing layer. The curve i
third-order polynomial fit to the data. At the upstream po
tion, a net positive transverse velocity indicates partic
moving upward in the layer, while the net negative tran
verse velocity at the downstream position indicates partic
moving toward the bed. The transverse velocity is a ma
mum at the interface between the layer and the bed. A sim
argument can lead to an expression for the transverse ve
ity at the interface between the bed and the flowing lay
v int . To the extent that the bed is in solid body rotation, t
inflows and outflows to the layer are largely kinematica
defined, although the walls undoubtedly play a role. Ho
ever, it is noncritical. An order of magnitude analysis sho
that the wall effects may be relatively small.20 In addition,
Orpe and Khakhar29 in a series of exhaustive experiment
considered a range of cylinder lengths and particle diame
as well as Froude numbers. Their results showed that
flow is relatively unaffected by the sidewalls for small valu
of d/L. For x@d, the transverse velocity of particles in th
fixed bed at the interface is essentially the same as the
muthal velocity due to rotation of fixed bed (vu) so that
v int'vuu interface;2xv. Therefore, the transverse velocity
the interface between the flowing layer and the fixed bed
v int /vL'2x/L. The transverse velocity at the interface i
dicated in Fig. 10 is very close to this prediction. Atx/L

FIG. 9. Scaling of the streamwise velocity profile with change in the strea
wise location (x) along the layer for 1 mm beads at 0.168 rad/s. Symbolsm

x50; > x/ l 520.57; skeletal star,x/L50.70.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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520.57, the transverse velocity at the interface isv int /vL
'0.6, and atx/L50.70, the transverse velocity isv int/vL
'20.7. It is also useful to compare the transverse velo
to the streamwise velocity at that streamwise location.
x/L520.57, v int /umax50.029 and atx/L50.70, v int /umax

520.037. Even though the transverse velocity is only
small fraction of the surface velocity, it contributes signi
cantly to transport processes and mixing within the layer7

The instantaneous velocity of a granular particle can
expressed as the sum of the mean velocity and velocity fl
tuation. To calculate the root-mean-square~rms! fluctuations
in the streamwise direction (urms) and the transverse direc
tion (v rms), the transverse coordinate is once again divid
into 20 bins and the average velocity and standard devia
for each of the bins is calculated for each velocity compon
for all data sets obtained at particular conditions. The ti
between images of an image pair (;1023 s! is less than an
estimate for the time scale for particle collisions (d/u
;1022 s, except for the 1 mm beads at the higher rotat
rates!, so it is unlikely that multiple particle collisions occu
during the interval between images. In addition to calculat

FIG. 10. Transverse velocity profile for 1 mm beads at 0.168 rad/s at
different locations:~a! Upstream atx/L520.57; ~b! downstream atx/L
50.70.
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urms andv rms, the granular temperature, which is a meas
of the overall randomness, is calculated according to30,31

T5^u2&2^u&25urms
2 1v rms

2 , ~5!

whereu5(u,v) is the velocity vector, and the angled brac
ets indicate a time average. The rms velocities and temp
ture profiles are presented in two different ways. In F
11~a!, the fluctuations are normalized by the streamwise
locity at the surface of the flowing layer,umax, to show the
relative magnitude of the velocity fluctuations throughout t
layer. Clearly, the magnitude of the velocity fluctuations
greatest at the surface of the flowing layer and diminis
near the interface between the flowing layer and the fix
bed, as intuition would suggest. The streamwise fluctuatio
urms, are somewhat larger than the transverse fluctuat
v rms, but the difference is small. In both cases the fluctu
tions range from about 5% of the maximum streamwise
locity near the fixed bed to about 1/3 of the streamwise
locity near the surface. This is higher than the streamw
velocity fluctuations of 8% found using MRI or 2 to 4%
found using an optical probe in 3D rotating tumblers at su
stantially different operating conditions.14,32 The square root
of the granular temperature can reach nearly half of
maximum velocity. The scatter in the data is greater near
surface of the flowing layer resulting in a poor collapse
the data over the range of particle diameters and ang
velocities considered.

o

FIG. 11. Velocity fluctuations atx50. ~a! Profiles of the rms velocity fluc-
tuations normalized by the maximum streamwise velocity,umax. ~b! Profiles
of the rms velocity normalized by the local mean streamwise velocity,u(y).
Symbols:m, 1 mm beads;j, 2 mm beads;d, 3 mm beads. Symbol fill:
open, 0.052 rad/s; gray, 0.094 rad/s; black, 0.168 rad/s.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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Nondimensionalizing the velocity fluctuations and te
perature with the local streamwise velocity,u(y), indicates
the magnitude of the velocity fluctuations relative to the lo
velocity. Plotting the profile of the log of the value results
much better collapse of the data, as shown in Fig. 11~b!. In
addition, this nondimensionalization scheme provides dif
ent insight into the nature of the fluctuations. Although it
clear from Fig. 11~a! that the fluctuations are small deep
the flowing layer, Fig. 11~b! shows that these small fluctua
tions can be larger than the local average streamwise velo
near the fixed bed. The situation is reversed near the sur
of the flowing layer where the velocity fluctuations are on
a fraction of the local velocity. Furthermore, the fluctuatio
and temperature nondimensionalized by the local velo
are nearly exponential functions of depth in the layer. T
physical reason for this is not immediately clear.

It is intuitively evident that the number density of pa
ticles in the fluidized flowing layer should be less than in t
bed. Figure 12~a! shows the dependence of the profiles of t
number of beads on the angular velocity and the bead s
The figure shows the number of beads counted in bins
tributed in the transverse direction well into the fixed bed

FIG. 12. ~a! Total number of beads counted in each bin as a function
transverse position atx50. ~b! Normalized number density profiles. Sym
bols: m, 1 mm beads;j, 2 mm beads;d, 3 mm beads. Symbol fill: open
0.052 rad/s; gray, 0.094 rad/s; black, 0.168 rad/s.
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198 images. The curves assemble into three distinct pro
based on the bead diameter indicating that the number
sity of beads is independent of angular velocity. The num
of beads is a minimum at the free surface and reache
uniform maximum value in the nonflowing bed, in acco
dance with physical intuition. The difference in the tot
count of beads is imply due to the difference in the size
the beads compared to the fixed size of the interroga
region. The number of beads counted is highest for the sm
1 mm beads and lowest for the large 3 mm beads.

The number of beads (N) visible in a two-dimensional
region of fixed size is inversely related tod2. A coarse in-
spection of Fig. 12~a! shows approximate agreement wi
this concept,Nmax for 1 mm beads is around 1600 which
about 22 times theNmax for 2 mm beads. The number o
beads of diameterd that could fit in a bin of areaA if the
flow is strictly two-dimensional isNtheory5A/d2 for square
packing. Although the granular flow is only quasi-two
dimensional, this theoretical value based on strictly tw
dimensional packing is useful to scale the number of be
asN/Ntheory. Figure 12~b! shows that this scaling leads to
clear trend in the bead number density profiles for differ
bead diameters and angular velocities compared to the
scaled results in Fig. 12~a!. The scaled number density i
near its maximum through the half of the layer nearest
fixed bed and drops off in the half of the layer nearest
free surface. The number of beads near the free surfac
about 30% of the maximum number. We note that the reg
where the number density is large corresponds to the re
for a logarithmic velocity profile@Fig. 7~a!#, while the region
where the number density is decreasing corresponds to
region having a linear velocity profile@Fig. 6~b!#.

One may argue that the number density of partic
could be inversely related to the velocity fluctuations of t
particles, since a lower number density provides for the p
sibility of larger particle displacement, although a high
number density would lead to more collisions. To determ
the nature of the relationship, the square root of the temp
ture is plotted against the normalized number density
beads in Fig. 13. While the data do not indicate a clear tre
there is a subtle relation between the temperature and
number density consistent with the idea of velocity fluctu
tions decreasing with increasing number density.

Looking at the data more closely, the relation seems
take a particular form for a given bead size. The tempera
remains at a high level decreasing slowly with number d
sity and then, at a certain number density, decreases sh
with increasing number density. This is readily evident f
the case of 3 mm beads~circles!. The temperature is abou
AT/umax'0.5 for N/Ntheory&0.6, and then decreases qui
quickly above this number density. Similar results occur
1 mm beads and 2 mm beads except that the temperatu
lower concentrations is lower. In all cases, the knee in
relation occurs at 0.5&N/Ntheory&0.8. The knee is at a lowe
number for low angular velocities~open symbols! than for
high angular velocities~black symbols! suggesting that
higher inertia beads are more likely to retain large veloc
fluctuations at higher number densities. The above rema
are intended to generate interest in this issue. Clearly, m

f
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research is necessary to clarify the relation between the
perature and the particle number density, perhaps accoun
for the effect of overburden.

IV. CONCLUSIONS

Knowledge of flow dynamics of granular materials in
2D rotating tumbler is key to the understanding of mixi
and segregation of granular materials. For example, for p
disperse granular materials with beads differing in size,
flowing layer is responsible for segregation due to free s
face segregation and particle percolation. Furthermore
knowledge of the flow dynamics and scaling in 2D syste
leads to further understanding of 3D granular systems
makes possible scale-up to larger systems.

Our results reveal a few key aspects of the flowi
granular layer. Near the top of the flowing layer the strea
wise velocity profile is nearly linear as shown in Fig. 6~b!,
while close to the interface between the layer and fixed
the velocity logarithmically decreases to zero according
Fig. 7~a!. Scaling based on the mass balance does not
lapse the data for different bead sizes and angular veloci
However, normalizing with the maximum velocity at the to
of the flowing layer shows a clear trend in the velocity pr
file.

The magnitude of the velocity fluctuations decrease w
depth in the flowing layer. Near the surface of the flowi
layer, the fluctuations can be as large as one-third the m
mum streamwise velocity. The fluctuations decrease to
than one tenth of the free stream velocity near the fixed b
However, near the fixed bed the velocity fluctuations are
same order as the local velocity. When the velocity fluct
tions are normalized with the local streamwise velocity,
curves tend toward collapse and suggest an exponentia
pendence on the transverse coordinate.

Scaling the bead number profiles with a theoretical nu
ber density based on geometric arguments results in rea
able collapse of the number density profiles for differe

FIG. 13. Relation between velocity fluctuations and number density ax
50. Symbols:m, 1 mm beads;j, 2 mm beads;d, 3 mm beads. Symbol fill:
open, 0.052 rad/s; gray, 0.094 rad/s; black, 0.168 rad/s.
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bead sizes and angular velocities. The number den
changes appreciably in the upper half of the flowing lay
corresponding to the region in which the velocity profile
linear. However, the number density remains nearly cons
in the lower half of the flowing layer, where the velocit
profile is logarithmic. There also appears to be a weak tr
relating the velocity fluctuations and the number density t
is consistent with intuition.
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