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Velocity field for Taylor–Couette flow with an axial flow
Steven T. Wereleya) and Richard M. Lueptowb)

Department of Mechanical Engineering, Northwestern University, 2145 Sheridan Road, Evanston,
Illinois 60208

~Received 3 November 1998; accepted 18 August 1999!

The flow in the gap between an inner rotating cylinder concentric with an outer stationary cylinder
with an imposed pressure-driven axial flow was studied experimentally using particle image
velocimetry~PIV! in a meridional plane of the annulus. The radius ratio wash50.83 and the aspect
ratio wasG547. Velocity vector fields for nonwavy toroidal and helical vortices show the axial
flow winding around vortices. When the axially averaged axial velocity profile is removed from the
velocity field in a meridional plane, the velocity field looks much like it would with no imposed
axial flow except that the vortices translate axially and the distortion of the azimuthal velocity
contours in meridional plane related to the vortices is shifted axially by the axial flow. The velocity
vector fields for wavy vortices also show axial flow winding around the vortices. Again, removing
the axial velocity profile results in a flow that appears similar to that with no axial flow. The path
of the vortices is generally axial, but the vortices periodically move retrograde to the imposed axial
flow due to the waviness of the vortices. The axial velocity of helical vortices, both nonwavy and
wavy, is twice the rotational frequency of the inner cylinder indicating a coupling between the axial
translation of the vortices and the cylinder rotation. Little fluid transport between vortices occurs for
nonwavy vortices, but there is substantial transport between vortices for wavy vortex flow, much
like supercritical cylindrical Couette flow with no axial flow. ©1999 American Institute of
Physics.@S1070-6631~99!01412-9#
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I. INTRODUCTION

Pressure-driven axial flow in an annulus between a
tating inner cylinder and a fixed outer cylinder has seve
important engineering applications including journal be
ings, biological separation devices, and rotating machin
A centrifugal instability related to the curved streamlines
the flow results in toroidal Taylor vortices in the annulu
Taylor’s linear stability analysis for cylindrical Couette flow1

can readily be extended to include an axial flow in the an
lus for axisymmetric disturbances in a narrow annular gap2–4

or an arbitrarily wide annular gap.5,6 At transition to super-
critical flow, the flow consists of toroidal Taylor vortice
translating with the imposed axial flow at a theoretical v
locity of about 1.2 times the mean velocity of the ax
flow.6–8 Nonaxisymmetric analysis predicts pairs of helic
vortices with an inclination opposite that of the base flow
axial Reynolds numbers above a critical value.7,9,10 Experi-
mental results confirm the appearance of translating toro
vortices at low Reynolds numbers and helical vortices
higher Reynolds numbers.10–13 The axial flow stabilizes the
cylindrical Couette flow such that transition to Taylor vort
flow occurs at a higher Taylor number than with no ax
flow.11,12,14–16Recently, cylindrical Couette flow with an im
posed axial flow has been used to compare absolutely
convectively unstable regimes.8,17–20
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The research described above focused on the first in
bility transition from stable Couette–Poiseuille flow to tran
lating toroidal or helical vortex flow. Higher order instabilit
transitions have been mapped out in the Taylor numb
Reynolds number plane. Early work differentiated only tw
unstable flow regimes beyond stable Couette–Poiseuille fl
and Taylor vortex flow: turbulent Taylor vortices and ful
turbulent flow with no vortices.21–23 More recent experi-
ments identified a rich variety of flow regimes includin
translating wavy vortices, translating helical wavy vortice
turbulent wavy vortices, and vortices with rando
waviness.24–29Other recent experiments have considered
mass transfer character in Couette–Poiseuille flow.13

Although the stability of the flow and the variety of flow
regimes for cylindrical Couette flow with an imposed ax
flow have been studied in depth, the velocity field has
been studied in detail. Limited hot-wire and laser Dopp
velocimetry~LDV ! measurements of the time-averaged ax
and azimuthal velocities at high axial Reynolds numbers
dicate that the azimuthal velocity profile has very steep g
dients near both walls of the annulus.30–32 The ratio of the
Taylor number to the axial Reynolds number, represent
the ratio of centrifugal to advective accelerations, has b
used to characterize the flow.31,33When the ratio is large, the
vortices are strong and their effect is readily apparent in
velocity field. When this ratio is small, the dominant axi
velocity overwhelms the supercritical vortices resulting
fluid winding around small vortices that are alternative
close to the inner and outer walls.

The aim of the present work is to examine the veloc

ty,

47-
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field for cylindrical Couette flow with an imposed axial flow
We are particularly interested in the axial translation of v
tices, the properties of the flow states, and the details of
fluid transport between vortices. Unlike the previous tim
averaged, single point hot-wire and LDV measurements
this flow,30–32 we used PIV to provide time-resolved me
surements of the radial and axial velocity in a meridion
plane of the flow. Furthermore, our measurements inclu
axisymmetric and nonaxisymmetric~wavy or helical! vortex
regimes, whereas previous computational work was pu
axisymmetric.33

II. EXPERIMENTAL APPARATUS AND PROCEDURE

The flow system consisted of two concentric cylinde
an inner rotating acrylic cylinder and an outer glass cylin
with diameters 2r i58.68060.003 cm and 2r o510.46
60.03 cm, respectively, as shown in Fig. 1. The result
gap width wasd5r o2r i50.89 cm, and the radius ratio wa
h5r i /r o50.83. The inner cylinder was driven by a stepp
motor allowing computer control of the rotational speed
the inner cylinder to better than 0.1%. The two cylinde
were held concentric by aluminum endcaps. The ratio of
length of the annulus to the gap width wasG546.6. The
working fluid flowed from an upper constant head reserv
into a deep annular groove in the upper endcap through
tangential inlet ports to provide circumferentially unifor
flow. The fluid then passed through a flow-straightening s
tion in the upper endcap consisting of two honeycomb s
tions ~0.5 cm thick with a cell diameter of 0.1 cm! on either
side of a 2:1 contraction section to straighten the flow and
provide an end boundary condition in the test section
nearly axial flow with minimal radial and azimuthal veloci
components. The fluid exited the flow cell via a deep annu
groove in the lower endcap. The axial volume flow rate w
controlled by a valve downstream of the flow cell and me
sured with an electromagnetic flowmeter~Turbo Instruments,
model MG711! at the exit of the flow cell. Fluid was recir

FIG. 1. Sketch of the experimental apparatus. Dimensions are in cm
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culated to the upper constant-head reservoir by a pump.
deleterious effect of refraction at the curved inner and ou
surfaces of the outer cylinder was eliminated by enclos
the outer cylinder in a square glass box and using a fl
having a refractive index matched to that of the glass both
the working fluid and to fill the space between the ou
cylinder and the box.

The working fluid was a mixture of water, glycerol, so
dium iodide to increase the solution’s refractive index, a
trace amounts of sodium thiosulfate to prevent a yellow
tint in the solution.34 Silver-coated hollow glass sphere
~Potters Industries, NJ! with an average diameter of 14mm
were added as seed particles in a volume concentratio
1.031024. The particles had a density of 1.6 g/cm3, which
was slightly less than the density of the working solutio
1.62 g/cm3 as measured with a hydrometer. The partic
reflect the light uniformly in all directions and were sma
enough to stay in suspension for several hours and accur
follow any velocity fluctuations in the flow.35 The nominal
kinematic viscosity of the solution was 3.1531026 m2/s.
The fluid temperature was measured before and after e
experiment and varied by no more than 2 °C. The viscos
was measured at the beginning and end of each experim
using a Canon–Fenske viscometer.

In this paper the axial Reynolds number is defined
Re5wd/n, wherew is the average axial velocity based on t
axial volume flow rate,d is the width of the annular gap, an
n is the kinematic viscosity. Although the Taylor numbe
which relates the centrifugal forces to the viscous forces,
several different forms, we useTa5r iVd/n. wherer i is the
radius of the inner cylinder andV is the rotational velocity of
the inner cylinder. This form of the Taylor number, ofte
called a rotating or inner Reynolds number, is used beca
it is simple and consistent with the form used in seve
recent studies.9,28,29,36,37In a typical series of experiments
the axial Reynolds number was set using a valve downstr
of the flow cell. Then the speed of the inner cylinder w
slowly, linearly ramped to obtain the desired Taylor numb
The flow was allowed to reach steady state, usually abou
min after reaching the desired rotation rate, before tak
data. We estimate the uncertainty in the Reynolds num
and Taylor number to be 3% to 4%, primarily due to var
tions in fluid viscosity and uncertainty in the dimensions
the apparatus.

The flow velocities were measured using a TSI, Inc. P
ticle Image Velocimetry ~PIV! system based on cross
correlating a pair of images, thus eliminating directional a
biguity. An electronically shuttered 10 W argon laser w
used to illuminate a meridional plane. The laser sheet ha
thickness of 0.2 mm with60.5% variation in thickness in
the measurement field and was carefully aligned in a mer
onal plane to avoid anomalous apparent radial velocity co
ponents caused by the azimuthal path of the particles thro
the thickness of the laser sheet. Since the through-shee
locity in the azimuthal direction was so much larger than
measured axial and radial velocities, care was taken to as
that the laser sheet timing was short enough and the l
intensity great enough to capture a largely overlapping po
lation of particles in two consecutive images, even near
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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3639Phys. Fluids, Vol. 11, No. 12, December 1999 Velocity field for Taylor–Couette flow with axial flow
inner cylinder where the through-sheet velocity is greates
TSI, Inc. Cross-Correlation CCD camera positioned perp
dicular to the laser sheet was used to record the par
images in the illuminated plane about one-third of the fl
cell height from the bottom of the flow cell, in the middle o
the region where the flow is fully developed.

Images were acquired with a custom-written image
quisition program that allowed arbitrarily sized images to
collected at 30 Hz until the computer’s memory was co
pletely filled. Two different types of measurements we
made in order to study both the spatial as well as the tem
ral dependence of the flow. For the spatial measureme
;180 image pairs measuring 640 axially by 210 radia
pixels were captured at a net rate of 15 Hz. The time betw
laser pulses for an image pair was 0.008–0.010 s. Velo
vectors were calculated at a grid of 31 points in the ax
direction and 9 points in the radial direction using an int
rogation region of 32 by 32 pixels. For frequency measu
ments, as many as 9000 small image pairs located at
center of the spatial measurement area and measurin
pixels axially and 32 pixels radially were sampled at 15 H

The critical Taylor number at the onset of Taylor vort
flow for h50.83 with no axial flow isTac5102, based on a
cubic spline fit to the data provided by DiPrima an
Swinney.38 The parameter space investigated in this pape
100,Ta,215 and 1.6,Reax,23. This parameter space in
cludes several different flow regimes previously identifi
using flow visualization and spectral analysis of the lig
reflected from the seed particles in the flow field.24,28,29Fig-
ure 2 indicates the conditions in the Taylor number-Reyno
number plane at which measurements were made. The n
of the flow at those values was based on spectral analys
the axial and radial velocity data sets using 9000 image pa
similar to the methodology to detect the flow regime bas
on laser Doppler velocimetry and reflected lig
measurements.39,40The curves show the approximate boun
aries between flow states, but these boundaries are no
tended to represent the exact demarcation between flow

FIG. 2. Conditions at which experiments were conducted in the Ta
plane. Curves indicate approximate boundaries between flow regimes
gimes include nonvortical Couette–Poiseuille~CP! flow ~•!, nonwavy lami-
nar vortex~LV ! flow ~d!, wavy vortex~WV! flow ~s!, nonwavy helical
vortex ~HV! flow ~m!, helical wavy vortex~HWV! flow ~n!, and random
wavy vortex~RWV! flow ~L!.
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gimes, since that was not the purpose of this study. T
power spectrum of stable Couette–Poiseuille flow~CP! is
featureless. The spectrum of nonwavy, nonhelical lami
vortices ~LV ! exhibits a single spectral peak related to t
axial translation of vortices through the measurement reg
along with higher-order harmonics. Wavy vortex flow~WV!
exhibits peaks related to the axial translation of vortices a
the azimuthal waviness as well as linear combinations
these frequencies and their higher harmonics. Under cer
conditions, the waviness takes on a random character~RWV!
characterized by a broad fundamental peak. Toroidal and
lical vortices cannot be easily differentiated using spec
analysis but are readily identified from flow visualizatio
using a very low concentration of reflective titanium dioxid
coated mica flakes29 ~5–25 mm across and about 0.5mm
thick, Superpearl 120c, Mearl Corp.!.

III. VELOCITY VECTOR FIELDS

The raw velocity vector fields in the frame of referen
of the apparatus are useful in obtaining a general sense o
flow field, but since the axial velocity related to the vortic
is about the same magnitude or less than the axial velo
associated with the imposed axial flow the vortices are d
cult to detect visually. One option is to view the vortice
with the spatially averaged axial velocity subtracted from
velocity field,41 which is equivalent to viewing the vortice
in a reference frame translating at the average axial velo
of the flow. This permits the identification of individual vor
tices so that their motion can be followed, although the
tails of the vortex velocity field can be somewhat distorte
particularly near the walls of the annulus. Instead we s
tracted the axially- and temporally-averaged axial veloc
profile ^w&, which is a function of radius, from the velocit
vector field. By removing the superposed axial velocity p
file, the distortion of the vortex velocity field by the axia
velocity profile is minimized making details of the vortice
more clearly evident.

The normalized time- and space-averaged axial velo
profile that was subtracted from the instantaneous velo
field is shown in Fig. 3 for all five vortical flow states alon
with the theoretical axial velocity profile for stable, lamin
annular Poiseuille flow. The averaged velocity profiles
unstable flow are remarkably similar to the stable theoret
velocity profile. The only difference seems to be the sligh
fuller velocity profile near the inner cylinder resulting from
slight shift of the velocity profile toward the inner cylinde
apparently due to vortical transport of axial momentum
ward the inner cylinder and consistent with previous h
wire studies.30,31Also noteworthy is that the velocity profile
for the five different vortical flow states are quite similar
one another. Together these two results indicate that the
tical flow has only a very small effect on the axial veloci
profile and that the effect is largely independent of the det
of the vortical flow state.

A. Nonwavy vortices

An example of the time series of the velocity field fo
nonwavy, nonhelical laminar vortices~LV ! with the axial

e
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velocity profile removed is shown in Fig. 4. In this and su
sequent figures, the velocity field is shown at several ti
instants with time progressing from top to bottom. Since
velocity field repeats over a readily measured time peri
the velocity field was ensemble-averaged over several r
izations. The upper line at each time instant represents
rotating inner cylinder, and the lower line represents the
tionary outer cylinder. Vortex centers are marked with
asterisk based on the interpolated position of minimum sp
in the meridional plane, (v r

21vz
2)1/2, using a weighted aver

age over a 333 neighborhood of spatially adjacent measu
ment points. The left to right axial flow is evident from th
rightward translation of the vortex centers. At any given tim

FIG. 3. The normalized average axial velocity profile for nonwavy lami
vortex ~Ta5123, Re55.3! flow ~d, solid curve!, wavy vortex~Ta5139,
Re55.0! flow ~s, dashed curve!, nonwavy helical vortex~Ta5129, Re
514.2! flow ~m, solid curve!, helical wavy vortex~Ta5167, Re514.2! flow
~n, dashed curve! and random wavy vortex~Ta5215, Re523.2! flow ~L,
dot–dash curve!. All curves are interpolated through the data using cu
splines. The theoretical velocity profile for stable, laminar annular Poise
flow is shown as a heavy solid curve.

FIG. 4. Time series for nonwavy laminar vortex flow atTa5123 and Re
55.3 with the axial velocity profile removed. Time progresses from top
bottom. The upper line in each frame is the rotating inner cylinder: the lo
line is the stationary outer cylinder. Time between frames is 1.025 s.
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instant, the flow looks almost identical to nonwavy vort
flow with no axial flow.42 For instance, the vortex cells ar
nearly square, the outflow is substantially stronger than
inflow, and there is negligible cross flow between vortic
Nevertheless, the left-to-right axial translation of vortices
shape-constant units from frame to frame resulting from
axial flow is clearly evident.

Figure 5 shows the azimuthal velocity contours sup
posed on the velocity vector field for the nonwavy, nonhe
cal vortices shown in Fig. 4. The length of the velocity ve
tors (Lv) divided by the gap width~d! in the figure
represents the velocity normalized by the speed of the in
cylinder (v/Vr i5Lv /d). Figure 5~a! shows the axial-radia
velocity vectors as measured in the frame of reference
tached to the apparatus. The left-to-right axial flow is evid
as a strong stream of fluid winding around vortices that
not fill the annular gap and appear alternately displaced
ward the inner and outer cylinders. In our previous papers
have called this ‘‘winding’’ flow.33,41 Removing the axial
velocity profile, shown in Fig. 5~b!, results in vortices that
fill the gap, are centered in it, and have stronger outfl
regions than inflow regions. In fact, these vortices app
nearly the same as they would with no axial flow impose
As shown in Fig. 3, the spatially averaged axial veloc
profile that has been removed in going from Fig. 5~a! to
Figure 5~b! is nearly identical to the velocity profile fo
stable laminar Poiseuille flow in an annulus. Thus, it appe
that winding flow is nearly a linear superposition of annu
Poiseuille flow and nonwavy Taylor vortex flow.

The azimuthal velocity component for nonwavy flo
can be calculated numerically from the radial and axial
locity components using the azimuthal momentum equa
and noting the axisymmetry of the flow.42 The calculation is
performed by resampling the experimental measurem

r

le

r

FIG. 5. Radial and axial velocity vectors with azimuthal velocity contours
Ta5123 and Re55.3. The upper line in each frame is the rotating inn
cylinder; the lower line is the stationary outer cylinder. The contours rep
sent the azimuthal velocity normalized by the speed of the inner cylin
thus ranging from 1.0 at the inner cylinder to 0.0 at the outer cylinder
steps of 0.1. The length of the velocity vectors (Lv) divided by the gap
width ~d! in the figure represents the velocity normalized by the speed of
inner cylinder.~a! Velocity field including the axial velocity profile.~b!
Velocity field with the axial velocity profile removed.
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



o-
ea
sl
lin
ro
en
vo
ov
a
rt
ag
in
ha
th

he
a
r
m

en
ia
f t
t

ne
e
n
if
n

t o
it
is

es
si

lin
y

ea
ea
e
ly

xi
oc
di
r
n
te
s
ym
u

in
ia
ld
is
ia

in
ers
the
zi-

ilar
me
sist
o-
ial

elf.
a
w

ner
e
lor
ow
ni-
ity
le
re-

ance
he
e

s to
ture
he

the
w-
r

or-
ner

the
he
e

3641Phys. Fluids, Vol. 11, No. 12, December 1999 Velocity field for Taylor–Couette flow with axial flow
onto a uniform grid, finite differencing the azimuthal m
mentum equation, and solving the resulting system of lin
simultaneous equations using matrix methods. The no-
boundary condition is imposed at the inner and outer cy
ders. To minimize numerical errors related to random er
in the velocity field data, this procedure works best on
semble averaged velocity fields. Since the shapes of the
tices do not change, the velocity fields can be averaged
the entire data set by shifting each data set axially by
amount equal to the axial propagation distance of the vo
ces relative to the first set to generate an ensemble aver
velocity field. The resulting azimuthal velocity contours
Fig. 5 are distorted from the straight horizontal contours t
would appear if no vortices were present. The cause of
distortion of the azimuthal velocity contours is clear from t
lower part of the figure, where the axially averaged me
axial velocity profile has been subtracted from the vecto
The vortices advect high azimuthal momentum fluid fro
near the inner cylinder outward and low azimuthal mom
tum fluid from near the outer cylinder inward. When an ax
flow is present, the extrema are somewhat downstream o
inflow or outflow regions. This result is different from tha
for nonwavy Taylor vortex flow with no axial flow42 where
the extrema in the bulges of the contours are exactly alig
with the inflow or outflow regions between vortices. Th
imposed axial flow transports azimuthal momentum dow
stream at the same time that it is being carried radially, sh
ing the extrema in the azimuthal velocity contours dow
stream from the radial outflow regions. Measurements
other axial Reynolds numbers clearly show that the offse
the extrema from the inflow–outflow regions increases w
the axial flow rate confirming that the shift in the extrema
a result of the axial transport of azimuthal momentum.

At higher axial Reynolds numbers for which the vortic
become helical, the character of the flow field changes
nificantly as shown in Fig. 6~a!, where the velocity normal-
ized by the speed of the inner cylinder is equal to a sca
factor A times the length of the velocity vectors divided b
the gap width (v/Vr i5ALv /d). The stronger axial flow re-
lated to the higher axial Reynolds number necessary
achieve helical vortices is evident in the seeming disapp
ance of the vortices altogether for the velocity field as m
sured. Here the imposed axial flow is so strong that it ov
whelms the velocity related to the vortical motion. The on
evidence of the vortices is the sinuous nature of the a
flow. However, when the axially averaged mean axial vel
ity profile is subtracted from the data, the vortices are rea
apparent, as shown in Fig. 6~b!. The vortices appear simila
to those in Fig. 5~b!, in spite of their being helical rather tha
toroidal. The azimuthal velocity component was calcula
for nonwavy helical vortices~HV! in the same manner a
was done for the nonhelical vortices. In this case the axis
metry is broken by the helical inclination of the vortices, b
since the helical inclination is slight, less than 5°,29,32 the
resulting error is minimal if axisymmetry is assumed. Aga
the azimuthal velocity contours are distorted by the ax
flow, but not nearly so much as at the lower axial Reyno
number in Fig. 5 in spite of the similar Taylor numbers. Th
effect can be attributed to the higher axial velocity. The ax
Downloaded 23 May 2001 to 129.105.69.194. Redistribution subject to 
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location of the extrema in this case are shifted more than
Fig. 5, so that they are nearly aligned with the vortex cent
rather than the inflow–outflow regions demonstrating
strong effect of the axial flow on the radial transport of a
muthal momentum.

The measurements shown in Figs. 5 and 6 and sim
measurements for the LV and HV flow regimes have so
general trends. First, the inflow and outflow regions con
almost entirely of radial velocity once the axial velocity pr
file has been removed, indicating that there is very little ax
transport between vortices due to the vortical motion its
Nearly all of the axial fluid transport between vortices is
result of the imposed axial flow. Second, the vortical flo
advects high azimuthal momentum outward from the in
cylinder and low azimuthal momentum inward from th
outer cylinder. This effect increases with increasing Tay
number as the vortices get stronger. Third, the axial fl
advects the azimuthal momentum, axially shifting the mi
mum and maximum displacement of the azimuthal veloc
contours downstream. Finally, when the axial velocity profi
is removed, the vortices remain centered in the annulus
gardless of the axial Reynolds number. Thus, the appear
of a winding flow in a frame of reference attached to t
apparatus@Fig. 6~a!# is simply due to the superposition of th
annular axial flow and the vortical flow. The ratioTa/Re,
which represents the relative strength of centrifugal effect
axial momentum effects, is useful to characterize the na
of the flow field in the reference frame attached to t
apparatus.31,33 For Fig. 5~a!, Ta/ Re'23 is large indicating
relatively strong vortices that, though displaced toward
walls of the annulus, are readily evident in the figure. Ho
ever in Fig. 6~a!, Ta/ Re'9 is smaller indicating stronge
axial flow resulting in a winding flow without visible vorti-
ces.

FIG. 6. Radial and axial velocity vectors for helical vortex~HV! flow at
Ta5129 and Re514.2. The contours represent the azimuthal velocity n
malized by the speed of the inner cylinder, thus ranging from 1.0 at the in
cylinder to 0.0 at the outer cylinder in steps of 0.1.~a! Velocity field includ-
ing the axial velocity profile.~b! Velocity field with the axial velocity profile
removed. The length of the velocity vectors divided by the gap width in
figure representA50.5 times the velocity normalized by the speed of t
inner cylinder for ~a! and A51.25 times the velocity normalized by th
speed of the inner cylinder for~b!.
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 7. Radial and axial velocity vectors for wavy vortex~WV! flow at Ta5139 and Re55.0. Frames are shown for 9 time steps~from top to bottom!
spanning the period of one traveling wave, with the first and last frames representing the same phase in the traveling wave.~a! Velocity field including the
axial velocity profile.~b! Velocity field with the axial velocity profile removed. The arrow in the lower right corner represents 0.2Vr i .
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B. Wavy vortices

At higher Taylor numbers the vortices acquire an a
muthal waviness. In this case, ensemble averaging the ve
ity fields without removing the features of interest is qu
difficult since two phenomena, axial translation and a
muthal traveling waves, occur at incommensurate frequ
cies. As a result, there is no time period over which
velocity field will repeat exactly. So averaging was carri
out by ensemble averaging consecutive image pairs ov
time period of 4% of the azimuthal wave period, whic
ranged from one image pair to four image pairs. We cons
three cases of wavy vortex flow: Wavy toroidal vortice
wavy helical vortices, and random wavy vortices.

The velocity field for nonhelical wavy vortex~WV! flow
is shown in Fig. 7. Here and in subsequent figures, the
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locity field at nine time instants is shown with time progres
ing from top to bottom. Eight time instants correspond to t
period of one azimuthal wave of the wavy vortex, so that
first and ninth frames depict the same phase of the azimu
wave. Comparison of the first and last~ninth! frames illus-
trates the axial translation of the vortices over the period
one azimuthal wave. Before the axial velocity profile is su
tracted from the vectors, the winding axial flow is clear
evident in Fig. 7~a!. The nonuniform translation velocity o
the vortices is evident after the axial velocity profile is r
moved, as shown in Fig. 7~b!. For instance, the counter
clockwise vortex on the left side of the first frame mov
downstream~right! in frames 1–4, but then moves upstrea
in frames 5 and 6, before continuing downstream in fram
7–9. The retrograde motion is related to the azimuthal wa
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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ness. In the case of no axial flow, the traveling wave pass
through a particular meridional plane results in the appe
ance of the vortex center oscillating axially.42 In Fig. 7~b!,
the axial oscillations related to the azimuthal traveling wa
add to the axial translation of the vortex due to the ax
flow. When the portion of the vortex in the meridional me
surement plane is moving axially against the axial flow,
vortex center moves retrograde to the axial flow. Thus,
vortices in Fig. 7~b! oscillate axially due to the passage
the azimuthal waviness of the wavy vortex, while continua
making progress in the same direction as the net axial fl

A fundamental difference between wavy vortex flow a
toroidal vortex flow, each with no imposed axial flow, is th
a significant portion of fluid is transferred from one vortex
another for wavy vortices,42,43 whereas toroidal vortices ar
essentially closed cells. When the axial velocity profile
subtracted from the vector field the cyclic transfer of flu
between vortices inherent in wavy vortex flow without
imposed axial flow42 is apparent, as shown in Fig. 7~b!. The
cycle of transport between vortices is evident when one c
siders a particular vortex, say the leftmost vortex in the fi
frame. At certain times during the cycle~frames 4–7! the
vortex grows as it fills with fluid from neighboring vortices
while at other times~frames 1, 2, 8, and 9! it shrinks as it
loses fluid to its adjacent vortices. Similar growth a
shrinkage of wavy vortices occurs when there is no ax
flow.42 However, at certain instants during the cycle of o
wave passing the measurement plane in the case of no
posed axial flow, there is an instantaneous net axial flow
fluid winds around vortices. This type of instantaneous ax
flow related to the waviness is not apparent in Fig. 7~b!,
although it does appear at higher Taylor numbers even w
an imposed axial flow.

At higher axial Reynolds numbers the vortices are h
cal wavy vortices~HWV!. Figure 8 shows wavy helical vor
tices at Re514.2 andTa5167, somewhat above the trans
tion to waviness. The flow winding around the vortices
quite evident before the axial velocity profile is remov
from the data, shown in Fig. 8~a!. When the axial velocity
profile is removed from the data, shown in Fig. 8~b!, the flow
closely resembles that of wavy vortex flow without an im
posed axial flow in that there is significant transfer of flu
between adjacent vortices at certain points in the cycle
addition, there are instances where there is a net axial
winding around the vortices even after the axial velocity p
file has been removed, similar to the case with no ax
flow.42 For instance, in frame 3 fluid winds around the vo
tices to the left, opposite to the net axial flow.

The helical nature of the flow is not evident from th
meridional plane velocity field shown in Fig. 8~b!, and the
waviness of the flow is somewhat difficult to detect from t
velocity field. However, close examination of the leftmo
vortex in frame 1 indicates that the vortex moves to the ri
more slowly in frames 1–3 than in frames 4–6, slowi
down again in frame 7 before it exits the measurement
main. Furthermore, the power spectrum of the velocity fi
clearly shows an additional peak characteristic of the wa
ness.

At higher Taylor numbers and axial Reynolds numb
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the flow gives way to random wavy vortex~RWV! flow.
This flow is characterized by wavy vortices that chan
shape rapidly, may be helical or toroidal, and often disp
dislocations where a two vortex pairs on one side of
cylinder appear to merge into a single vortex pair on
opposite side of the cylinder.29 The velocity vector fields
shown in Fig. 9 depict the random nature of the flow.
some time instants, for example frames 4–6, the flow is si
lar to that for helical flow in Fig. 8. Before subtracting th
axial velocity profile, the fluid appears to wind around vo
tices, shown in Fig. 9~a!. After subtracting the axial velocity
profile, shown in Fig. 9~b!, the transfer of fluid between vor
tices characteristic of wavy vortex flow are evident in fram
4–6, although the flow is less well ordered than in Fig. 8~b!.
But at other times, the character of the flow is much diffe
ent. The vortices are not evident at all for some time insta
before the axial velocity profile is removed from the da
@frames 2 and 3 in Fig. 9~a!#. The velocity fields with the
axial velocity profile removed. Fig. 9~b!, demonstrate the
randomness in the flow even more clearly. The vortices of
change substantially in shape, size, and separation as
translate axially. In some frames~1, 2, 4, and 9!, a net axial
flow apart from the imposed axial flow is evident. At time
the vortices appear strong and fill the annulus~frames 5 and
7!, while at other times the vortices are quite weak~frames 2
and 3!, displaced against one wall~frame 4!, or displaced
against opposite walls~frames 1 and 6!.

We have observed dislocations where one vortex catc
up with the next downstream vortex so that they are side
side at the same axial location but are substantially wea
than the surrounding vortices upstream or downstream
them. The side-by-side vortices obliterate each other and
appear as a pair to maintain the counter-rotation of the
maining vortices. It is likely that this dislocation mechanis
is related to the interaction between the axial transfer of fl
characteristic of wavy vortices and the imposed axi
through flow.

It is difficult to observe any oscillations in the axial po
sition that could be related to the axial motion of the vort
center due to the waviness of the vortex in Fig. 9, thou
flow visualization using reflective flakes and frequency m
surements based on PIV data clearly show the presenc
wavy vortices with a random character. Apparently the ax
motion due to the waviness is so much smaller than the a
motion of the vortices due to the imposed axial flow and
so random in its occurrence that it is not detectable wit
the resolution of our measurements.

IV. FLOW STATE PROPERTIES

Based on the velocity vector fields, various spat
temporal properties of the Taylor–Couette flow with an im
posed axial flow can be examined. We first address
wavelength of the vortices and their axial motion. The ax
velocity of a vortex,wvortex, is related to the wavelength of
vortex pair,l, and frequency of vortices passing a point d
to the axial motion,f ax, throughwvortex5l f ax.

Consider first the frequency due to the axial translat
of vortices, f ax, calculated from the power spectrum of th
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 8. Radial and axial velocity vectors for helical wavy vortex~HWV! flow at Ta5167 and Re514.2. Frames are shown for 9 time steps~from top to
bottom! spanning the period of one traveling wave, with the first and last frames representing the same phase in the traveling wave.~a! Velocity field including
the axial velocity profile.~b! Velocity field with the axial velocity profile removed. The arrow in the lower right corner represents 0.2Vr i .
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velocity fields. For nonhelical, nonwavy vortical flow~LV !,
linear stability theory and experiments indicate thatf ax is
proportional to the average axial velocity of the flow a
thereby coupled directly to the axial Reynolds number
transition to vortical flow.8,11 But there is a slight depen
dence off ax on Ta for the two LV data points in Fig. 10. Fo
these two points Re differs by a factor of 2.8, butf ax differs
by a factor of 2.5. This suggests a slight dependence of
axial motion of the vortices upon Ta in addition to depe
dence on Re, once Ta is above that for transition to vort
flow.

For helical states~HV, HWV, RWV!, the frequency of
vortex passage,f ax, is directly related to the rotational fre
quency of the inner cylinder,f ic , as shown by the linea
relation in Fig. 10. The least-squares line fit to the heli
states isf ax52.01f ic with an R2 value of 0.9998. The data
Downloaded 23 May 2001 to 129.105.69.194. Redistribution subject to 
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points on this line include all eleven nonwavy helical, wa
helical, and random wavy vortex states~two pairs of points
overlay each other! for Reax514.2 or 22.4 and 122<Ta
<215. Thus, it appears that the axial translation of the h
cal vortices is directly coupled to the Taylor number, ind
pendent of the axial Reynolds number.~We intentionally
plotted f ax as a function off ic rather than as a function of T
to most clearly show the relation. If Ta is used, slight diffe
ences in viscosity from experiment to experiment result
slightly more deviation from the linear fit through the data!
We are aware of no theoretical basis for this relationsh
although some evidence of a linear relationship between
frequency for the axial translation of vortices and the f
quency of the inner cylinder can be extracted from the res
for stability analysis for helical vortices.9 There are too few
data points for nonhelical wavy vortices~WV! to determine
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 9. Radial and axial velocity vectors for random wavy vortex~RWV! flow at Ta5215 and Re523.2. Frames are shown for 9 time steps~from top to
bottom! spanning the period of one traveling wave, with the first and last frames representing the same phase in the traveling wave.~a! Velocity field including
the axial velocity profile.~b! Velocity field with the axial velocity profile removed. The arrow in the lower right corner represents 0.2Vr i .
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the dependence of the vortex passage frequency on i
cylinder rotation.

Figure 11 shows the wavelengthl of a pair of vortices
normalized by the gap width. The vortex pair waveleng
were calculated by finding a maximum in the autocorrelat
of the radial and axial velocity components and are, the
fore, based on the velocity field across the entire gap wi
The results are consistent with the approximate flow visu
ization measurements at similar Reynolds and Tay
numbers.29 Clearly there is substantial variation in the vort
pair height. At transition from stable flow to nonhelical Ta
lor vortex flow the theoretical pair height is almost exac
2d for h50.83.8 In nearly all cases, regardless of the stru
ture of the vortices, the wavelength is less than this value
Taylor numbers above the critical Taylor number. This tre
is particularly evident for a particular series of data, heli
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vortices for Reax514 and 122<Ta<152 ~large triangles!.
For the five data points at low Ta there is a linear depende
of the pair height on the Taylor number as shown by
linear regression fit in Fig. 11 for helical and weakly wav
helical vortices. The linear trend is broken betweenTa
5152 andTa5160 where the pair height suddenly increas
by 20%. There are too few data points at other axial R
nolds numbers to determine if similar trends occur.

The vortex translation speed normalized with the av
age axial velocity shown in Fig. 12 was determined from t
vortex pair wavelength and the frequency of axial passag
vortices,wvortex5l f ax. We also include data obtained in a
early similar study in our lab based on the translation sp
of the vortex centers for 3<Reax<33 and 110<Ta<320.41

Clearly, the normalized velocity of the vortices is indepe
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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dent of the flow regime, the axial velocity of the fluid, an
the parameters of the flow. Plotting the same data agains
or Ta rather thanTa/Re, results in a similar random distr
bution of data.

The theoretical vortex translation speed for nonwavy
roidal vortices is also shown on Fig. 12.8 The theoretical
value of wvortex/w51.17 is based on linear interpolation o
the theoretical results for a radius ratio ofh50.83 at axial
Reynolds numbers from 1.6~the minimum Reynolds numbe
that we considered! to 20 ~the maximum Reynolds numbe
for which the analysis is valid!. The experimentally mea
sured vortex translation speeds for toroidal vortices are n
the theory in some cases. The deviation of the experim
from the theory in other cases is most likely a conseque
of the theory being applicable only at transition from sta
to supercritical flow, whereas the experimental data is w

FIG. 10. Frequency of vortex passage,f ax , as a function of inner cylinder
frequency f ic5V/2p, for nonwavy laminar vortex~LV ! flow ~d!, wavy
vortex ~WV! flow ~s!, nonwavy helical vortex~HV! flow ~m!, helical wavy
vortex ~HWV! flow ~n!, and random wavy vortex~RWV! flow ~L!. The
trend line for helical and random wavy states is for conditions of Rax

514.2 or 22.4 and 122<Ta<215.

FIG. 11. Vortex pair wavelength as a function of Taylor number for no
wavy laminar vortex~LV ! flow ~d!, wavy vortex~WV! flow ~s!, non-wavy
helical vortex~HV! flow ~m!, and helical wavy vortex~HWV! flow ~n!.
The wavelength for random wavy vortex flow could not be measured du
the randomness of the flow. Large symbols are data points for Re514. The
line indicates a trend in the Re514 data at low Ta.
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above the critical Taylor number. At the lowest ratios
Ta/Re (Ta/Re,12), the normalized vortex velocity remain
within a smaller band than at higher ratios ofTa/Re. Perhaps
the relatively strong axial flow carries the vortices along w
it largely unaffected by the character of the vortices for lo
ratios ofTa/Re. At larger ratios ofTa/Re, the vortical flow
is prominent so that it may exert a stronger influence on
axial translation of vortices. An example is the nearly s
tionary wavy vortices (wvortex'0) at 43<Ta/Re<53. An
island of nearly stationary vortices within the region of tran
lating vortex flow has been noted by other researchers,28,29

but the vortices were helical, not wavy. Stationary nonhe
cal, nonwavy vortices have also been observed in two-liq
flows,44 and under the condition of very low Reynold
number.13 In any case, no explanation has yet been offe
regarding the physics behind the appearance of nearly
tionary vortices in certain small regions of the Re-Ta param-
eter space. The vortices in this case appear nearly as
would with no axial flow at all. The vortex centers follow
nearly closed elliptical paths along the centerline of the
nulus, which is typical of wavy vortex flow with no axia
flow.42

The absence of any trend in the data in Fig. 12~or when
the same data is plotted versus Re or Ta! suggests that there
is no general relationship between the vortex translat
speed and the axial velocity of the fluid, even though
transition to vortical flow an exact relation exists. The stro
dependence of supercritical cylindrical Couette flows on s
tup conditions45 and details of the apparatus, suggests t
the vortex translation speed, like the general characte
supercritical wavy vortex flow, is strongly dependent on ge
metric details of the apparatus and/or the procedure to re
the final operating conditions.

Recent measurements of the velocity field in wavy Ta
lor vortex flow with no axial flow have shown that signifi
cant fluid volume is transferred axially across vortex boun
aries due to fluid winding around the vortices.42 The
direction of the axial transfer of fluid due to the waviness

-

to

FIG. 12. Vortex translation speed normalized by the mean axial velocit
a function of Ta/Re for nonwavy laminar vortex~LV ! flow ~d!, wavy vortex
~WV! flow ~s!, nonwavy helical vortex~HV! flow ~m!, helical wavy vortex
~HWV! flow ~n!, and random wavy vortex~RWV! flow ~L!. Large sym-
bols are results from frequency of vortex passage~current study!; small
symbols are from measurements of vortex speed~Ref. 41!.
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3647Phys. Fluids, Vol. 11, No. 12, December 1999 Velocity field for Taylor–Couette flow with axial flow
the same as the direction of the axial displacement of
vortices due to the waviness. The instantaneous axial R
nolds number related to the axial flow between vortices w
no imposed axial flow can be as large as the axial Reyn
number due to the imposed axial flow in this paper. Thus
key question is the relative importance of the instantane
axial transfer of fluid between vortices that is due to t
waviness of the vortices compared to the imposed axial fl

To address this issue, the volume flow rate across a
tex boundary was determined as a fraction of the volu
flow rate due to the imposed axial flow by finding the n
fluid volume transferred across a vortex boundary after
axially averaged axial velocity profile was removed from t
velocity field. We calculate the net volume of fluid flowin
across a vortex boundary,Qnet, for a situation like that
shown in Fig. 8~b! over several azimuthal waves. This
done by first finding the vortex boundary, defined as
instantaneous axial location at which extrema in the radi
averaged radial velocity occur~corresponding to radial in
flow and outflow regions!. This is followed by numerically
integrating the axial flow across that axial position to getQnet

at that instant. The time-averaged volume of fluid tra
ferred, ^Qnet&, represents the net average axial flow ra
across vortex boundaries. The net volume transferred
tween vortices is expressed as the net flow rate across vo
boundaries normalized by the flow rate of the imposed a
flow, or

^Qnet&
wp~r o

22r i
2!

.

The net volume transferred represents fluid flowing acr
the vortex boundaries due to the difference between the
stantaneous axial velocity profile at the vortex bounda
and the time averaged axial velocity profile. In addition
the net fluid volume transferred across vortex boundaries
total volume transferred across the vortex boundaries ca
calculated based on the absolute value of the difference
tween the instantaneous velocity profile at the vortex bou
ary and the time averaged axial velocity profile. Since
total volume transferred between vortices includes flow i
and out of a vortex at the vortex boundary, it represents
degree of mixing of fluid between vortices.

The net fractional volume transferred between vortice
shown in Fig. 13~a!. Negative net volume transferred ind
cates that fluid is transferred upstream, and vice versa
nearly all cases, the net volume transferred is less than66%
of the imposed axial flow rate. This small net volume tran
fer indicates that the flow is indeed very nearly a superp
tion of the vortex motion and the axially averaged axial v
locity profile. This is a somewhat surprising result in that o
might expect the no-slip condition on the axial velocity pr
file to cause some sort of distortion of the vortices that co
lead to transfer of fluid across vortex boundaries, especi
given that the vortex translation velocity can be quite diff
ent from the average axial velocity of the fluid.

The total fractional volume transferred across vor
boundaries is indicated in Fig. 13~b!. For nonwavy vortices
~filled symbols!, the total volume transferred is relative
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small indicating nearly independent vortex cells. Again th
result is surprising given the axial velocity profile, and
suggests that the vortices are quite robust in spite of
imposed axial velocity. Nevertheless, this result is consis
with the appearance of the velocity field after subtracting
the mean axial velocity profile. For wavy vortices~open
symbols!, the fractional volume transferred is significan
which is consistent with the high degree of fluid transp
between vortices characteristic of wavy vortices with no i
posed axial flow.42

V. SUMMARY

Previous research has shown a rich variety of flow
gimes that can occur for cylindrical Couette flow with a
imposed axial flow, depending upon Taylor number a
Reynolds numbers. It would seem likely that the interpl
between the imposed axial flow and the Taylor vortic
would result in significant distortion of the vortices. The v
locity fields for nonwavy vortices show the axial flow wind
ing around vortices or even overwhelming the vortices
that the vortices are not even apparent. But when the a
velocity profile is removed, the velocity field in a meridion
plane looks much like it would with no imposed axial flo
except that the vortices translate axially and the distortion

FIG. 13. Volume flow rate across vortex boundaries as a fraction of
axial volume flow rate for nonwavy laminar vortex~LV ! flow ~d!, wavy
vortex ~WV! flow ~s!, nonwavy helical vortex~HV! flow ~m!, and helical
wavy vortex~HWV! flow ~n!. ~a! Net volume transferred.~b! Total volume
transferred.
AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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the azimuthal velocity contours due to the vortices is shif
axially by the axial flow. Consequently, the flow is esse
tially the linear superposition of the Taylor vortex flow an
the imposed axial flow. The idea of superposition is su
ported when the transport of fluid between vortices is c
sidered. For nonwavy vortices, there is little vortex-to-vort
transport of fluid in spite of the axial flow, consistent wi
the idea of independent vortex cells.

The velocity vector fields for wavy vortices also sho
axial flow winding around the vortices. Again, removing t
axial velocity profile results in a flow that appears similar
that with no axial flow. For wavy vortices the inter-vorte
fluid transport is substantial, much like the case of wa
vortices with no axial flow. For wavy vortex flow at low
Reynolds numbers, the vortices generally translate al
with the axial flow, but may move retrograde to the ax
flow when the axial motion due to the waviness is oppos
that of the axial flow. At higher Taylor and Reynolds num
bers vortices are wavy and more random in their charac
The effect of waviness on the motion of the vortices is not
clearly evident, because the velocity due to the wavines
small compared to the axial flow. Random wavy vortic
translate generally axially, but with random deviations fro
this path. Sometimes the vortices are not easily observa
In addition, random wavy vortices disappear via a mec
nism where two vortices move side by side, interact, a
then disintegrate. In certain circumstances stationary w
vortices appear with paths that are nearly closed loops, m
like those for wavy vortices with no axial flow.

The velocity of the vortices in many cases is near
theoretical value at the transition to supercritical flow of 1.
times the average axial velocity. But the range of vor
velocities is quite wide, especially when the vortices a
strong compared to the axial flow~large Ta/Re!, perhaps
related to the sensitivity of vortex structure to details of t
way the flow is initiated or the flow cell geometry. Likewis
the range of wavelengths of vortices is broad. For heli
vortices the frequency of passage of the vortices past a p
is directly related to the frequency of the inner cylinder r
tation, although there appears to be no theoretical basis
this relationship.
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