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Vibrational relaxation accounts for absorption and dispersion of acoustic waves in gases that can be
significantly greater than the classical absorption mechanisms related to shear viscosity and heat
conduction. This vibrational relaxation results from retarded energy exchange between translational
and intramolecular vibrational degrees of freedom. Theoretical calculation of the vibrational
relaxation time of gases based on the theory of Landau and Tellers. Z. SovjetunioriO, 34

(1936; 1, 88(1932; 2, 46 (1932] and Schwartzt al.[J. Chem. Phys20, 1591(1952] has been
applied at room temperature to ternary mixtures of polyatomic gases containing nitrogen, water
vapor, and methane. Due to vibrational-translational and vibrational—vibrational coupling between
all three components in ternary mixtures, multiple relaxation processes produce effective relaxation
frequencies affecting the attenuation of sound. The dependence of effective relaxation frequencies
and the attenuation on mole fractions of the constituents was investigated. The acoustic attenuation
in a mixture that is primarily nitrogen is strongly dependent on the concentrations of methane and
water vapor that are present. However, the attenuation in a mixture that is primarily methane is only
weakly dependent on the concentrations of nitrogen and water vapor. The theory developed in this
paper is applicable to other multicomponent mixtures. 2@1 Acoustical Society of America.
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I. INTRODUCTION enological treatment to the case of a mixture of nitrogen,
é)xygen, water vapor, and carbon dioxifeThey provided

The anomalous absorption and dispersion of soun . . . .
: . ; analytical expressions for coupled effective relaxation fre-
waves in polyatomic gases has been studied for nearly seven

decades. The pioneering studies of Zeénand Landau and quencies qf oxygen and nitrogen in air depe_nd@ng on small
Telle~* laid the foundation of the theory of vibrational en- concentrations of water vapor and carbon dioxide. Hender-

ergy transfer in diatomic gases. Later, the theory of vibraSon and Herzfeld applied a similar analysis to air/water vapor

tional relaxation was successfully applied by Kneber, mixtures us_ing the semi-empirical dependence of the effec-
Schwartzet al. (SSH,® and Tanczosto explain the absorp- tV€ relaxation frequency of oxygen on water v_aﬂ)%ﬂ'he
tion and dispersion of sound waves in polyatomic gases. Theeneral formalism of the theory of_sound ab_sorptlo_n of Bauer
further application of the SSH theory to the investigation of'as been used to deduce relaxation equations with the func-
sound in pure gases and binary gas mixtures was reviewdipnal form of relaxation frequencies of moist oxygen and
by Herzfeld and LitovitZ Burnett and Nortl, and nitrogen determined empirically from experimental measure-
Lambert!® The complexity of molecular relaxation processesments of sound absorption in air. A thorough review of the
can lead to a complicated mechanism of vibrational-relaxation frequencies of nitrogen and oxygen as functions of
translational and vibrational—vibrational energy transfer behumidity is provided by Basst al., with a focus on acoustic
tween different molecular energy levels producing severagttenuation in the atmosphe'e.
effective relaxation frequencies depending on the vibrational ~Townsend and Meador used the usual gas species con-
modes involved in the relaxation process. Consequently, thénuity and momentum equations together with reaction ki-
effective relaxation frequencies of multi-component gas mix-netics to derive a wave equation for a single paramgtess-
tures depend on the concentrations of the gases in the misure or density in a binary mixture®®> The absorption
ture. coefficient was decomposed into the sum of two contribu-
Several phenomenological alternatives to the SSHions, which cannot be uniquely identified with either of the
theory have been used for binary and multi-component gagwvo species. This formula was used to calculate the absorp-
mixtures. Bauer developed a method to obtain relaxationion coefficient for a nitrogen/water vapor mixture, compar-
equations for the phenomenological theory of simultaneoushg favorably with experimental data of Zuckerwar and
multiple relaxation processéSHis general theory calculates Griffin, 16
the eigenvalues of coupled relaxations in terms of the indi- Experimental results for multi-component mixtures of
vidual relaxation times including the cross terms. Each engpe gases that we consider in this paper are sparse. The de-
ergy process between two vib_rational I_evels is considered 8Sendence of the relaxation frequency of nitrogen on mole
a reaction. Zuckerwar and Miller applied Bauer's phenom-actions of carbon dioxide and water vapor was experimen-
tally investigated at 448 K by Henderset all’ They ob-
dElectronic mail: r-lueptow@northwestern.edu served a synergistic effect of both additives resulting in a
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nonlinear shift of the relaxation frequency of nitrogen with 3 3 _
the mole fraction of the additives. Zuckerwar and Griffin E a;=1, cvzz ac ,
experimentally studied the vibrational relaxation peak in =1 =1
nitrogen/water vapor binary mixtures as a function of humid-wherep, p, u, ¢ T, and T}'ib are small fluctuations of pres-
ity and derived the reaction rate constants assuming thajure, density, velocity, energy, and temperatures around the
vibrational—vibrational energy transfer provides the domi-equilibrium value. Herer; are mole fractions of the three gas
nant relaxation patf constituents, and!, are the translational specific heat capaci-
The present study is an investigation of the relaxationaties of mixture constituentsi. For molecular vibrational
component of the attenuation coefficient in a ternary mixturemodej, C}/ib are the vibrational specific heat capacities, and
of polyatomic gases at room temperatures based on the SSHP 516 the internal temperatures.
theory. Specifically, we consider two cases: nitrogen with = The fifth equation of Eq(1) represents the fluctuation of
small amounts of water vapor and methane, and methartﬂe total energye of the gas mixture. The total energy de-
with small amounts of water vapor and nitrogen. This Workpends not 0n|y on the gas temperatl]'r,ebut also on the
is Unique in that it is the first application of SSH theory to internal temperatures of excited molecule mo'q/é) We
multi-component mixtures to our knowledge. Previously,have assumed that there are only three gas components. The
SSH theory has only been applied to pure gases and binafyst two gases having mole fractioas and ., are assumed
mixtures of gases. to each have one vibrational mode with energiésr}® and
In this paper the plane acoustic wave propagation in gybT¥b - respectively. We consider two vibrational modes
gas mixture is described by the Euler equations linearizeg,jth energiesc‘éibT‘s’ib and cXibTZib for the third gas having
around the equilibrium density, pressure, and temperaturgnople fractionas. As will be discussed later, nitrogen and
The total gas energy is the sum of translational energy angjater vapor are modeled with a single vibrational mode,
internal molecular vibrational energiéslepending on ki- while methane is modeled with two vibrational modes.
netic processes between vibrational modes of the constitumea”y the fifth equation of Eq(1) could be extended to
ents. The relaxation equations, which are written followingsccommodate any number of constituent gases, each with
Landau and Tellet Schwartzet al, ® and Tanczosestablish any number of vibrational modes.
a link between the internal molecular vibrational “tempera- We assume that the translational degrees of freedom of
tures” and the translational temperature of the gas. In th@gch of the gases in the mixture are in equilibrium at equi-

case of acoustic attenuation, the deviations from equilibriuniprium temperaturer,. The mean equilibrium pressure and
temperature are small, and the relaxation system is a linegfensity arep, andp,, where

system of ordinary differential equations. Coefficients of the
matrix of the relaxation system can be expressed in terms of
transition probabilities. For the calculation of the transition

probabilities, the SSH theory, which agrees relatively well

with experimental data for nitrogen and methane at roonﬁer(ER Is the gas co_nstant per unit mass)s the .unlversal
temperaturd® is used. gas constant, antl is the mean molecular weight of the

mixture. By definition, the total fluctuation of gas density of
the mixture is

R
Po=poRTo, Rzm- (2

Il. THEORY FOR RELAXATION IN MULTI-COMPONENT 3
MIXTURES P:E aip; - 3)

The theory is based on the Euler gas equations as the =t
model of a continuous medium for a polyatomic gas mixture ~ Molecules gain and lose vibrational and translational en-
accompanied by nonlinear semi-macroscopic populatiorgy in collisions. The kinetic nature of the collision process
equations for the number of molecules in a given energys thus of fundamental importance for investigation of relax-
state® In the acoustic approximation, these equations yieldation processes and acoustic absorption. The relaxation equa-
acoustical equations and a linear system of ordinary differtions for internal molecular temperatures depend to a large
ential equations describing multiple relaxation processesneasure on the model of energy transitions and kinetic pro-
Consequently, we do not include the classical effects of viseesses including(l) vibrational-translationa(V-T) energy
cosity and heat transfer on the acoustic attenuation. Thessxchange between vibrational and translational degrees of
effects can be calculated separately. Assuming that there feeedom for one type of moleculef2) vibrational-
no diffusion of gas components, the acoustic equations for &ranslational (V-T) energy exchange for vibrational and
gas mixture including the internal temperatures of moleculatranslational degrees of freedom between different types of

vibrational modes can be written in the form molecules; (3) vibrational—vibrational (V-V) energy ex-

b T p dp ou au _op c_hange within a given type of moleculé&4) V|brat|_onal_—
—=—+—, —+po-=0, ——+py =0, vibrational (V-V) energy exchange between vibrational
Po To po ot ax at ax modes of different types of molecules. Thus the collisional
Je ,p reactions of excitation and deexcitation are of the form
- T — =0, 1

ot PoPo "5 @ M+MeM+M*,

=0, T+ CI" T+ a3 Ty + aa(cy T3 + ¢ T,0), M* (p+1.4)+M(p,q)<M(p.q)+M*(p,q+1),
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TABLE |I. Vibrational frequencies and collisional parameters for Lennard- 4 —vib __Tvib 4 _ Chn

Jones potentialRefs. 10, 19 dT; _ T-T; + E 1 1-exp—hn;/kTp)

dt AT &) 7R 1—exp(—hn /kTo)
k#j

ro €L Normal modes of Vibrational amplitude
(R) (calmol?) vibration(cm™) g coefficients(a.m.u:?) n
ib k ib -
N, 3749 159 »=2331 1 0.0354 X[(T=T") = =(T-T")|, j=1..4 )
H,0 2.65 760 v, =3657 1 0.9539 i
v,=1596 1 0.9527 The translationalV-T) relaxation times that appear in Eq.
vy=3756 1 0.9241 (5) are
CH, 3.796 286 v, =2915 1 0.9921
v,=1534 2 0.9921 1 2w 1 2 4 a
v3=3019 1 0.9923 _ i _ IR R} :
v, =1306 3 0.8368 e 21 e 21 A -3 (8
trans C i pl—0/
T =Z(j,1)Po_o(j,i)(1—exp(—hn; /KT)). (7)
M+N&M+NT, The paired vibrationalV—V) relaxation times for excitation

M* (p+ 1)+ N(Q) =M (p)+ N* (q+ 1) processes with two vibrational modes involved are
p q)=M(p q .

= gZ( KPE S k),

HereM andN denote species of the mixture, ap@ndq are I -

molecular vibrational modes. An asterisk indicates a mol- j.k=1,...4, j#k, az=a,. (8)
ecule excited to the lowest vibrational level above the ground ) o o
level. HereZ(j,k) are collision rates of molecules of spe¢iwith

Table | provides the vibrational modes of nitrogen, ~ Molecules of specik. P50(.k) andP5=2(j.k) are transi-
water, and methane. The subscripts are numbered accordifigna! probabilities of V-T and V-V exchange of vibrational
to the spectroscopic conventibhThe frequencies are ex- €Nergy per coll|§|on between different V|.br.at|onal modes.
pressed using the spectroscopic convention in terms of in- The calculauon of the numt_>er c_>f collisions per m_olecule
verse wavelength. Multiplying the numerical value by thelS convgn]ently based on the kinetic theory expression for a
speed of light (3.08 10°cm/s) provides the value for the 9as of rigid spheré§
mode in units of frequenciHz).

In this analysis we consider only relatively low tempera- Z(j,k)= 2Nk(
tures. We assume that only the lowest modes are significant,
since the contribution of higher modes to molecular energywhere N, is the number of molecules of specieper unit
transfer at room temperature is small. Consequently, energyolume, oj,0y are collision diameters, anah ,m, are the
exchange occurs only between the following vibrationalmolecular masses of species.
modes:»=2331cm* of N,, v,=1596cm* of H,0, and The calculation of transition probabilitieB5~9(j k)
v,=1534cm* and v,=1306 cm * of CH,. The second vi- andP}~%(j k) is a more complicated problem. It is based on
brational modev, of CH, is included along with the lowest a solution of the Schidinger equation for binary collisions
modes of other constituents due to its near resonance withf two molecules in a mixture. The solution depends on as-
the modev,= 1596 cm * of H,0. For notational simplicity, ~suming special collisional conditions and is based on the
n; denotes the vibrational modes when multiplied by themolecular properties of the species. There are various ap-
speed of light. Thusi; corresponds to the vibrational mode proximations and approaches to estimate such a solution.
of N,,n, corresponds to the lowest vibrational mode g0 Here we will use the approximate formulas of transition
andng andn, are the two lowest vibrational modes of &€H probabilities for polyatomic gases derived by TanZdd.

The vibrational specific heats for the vibrational modes(1)] for the evaluation of V-T and V-V transition probabili-
in Eq. (1) are given by the Planck—Einstein functifior a  ties P3~%(j.k) and P3~9(j,k). The general Tanczos equa-

O']+O'k

2
) (2’7TkT( mJ + mk)/m] mk)llz, (9)

harmonic oscillator tion for the transition probabilities is quite complicated and
b 2 vb not included here. Suffice it to say that the equation depends
Cyib:g.R(ai_) exp( 0"/ To) yib:m @ on geometrical factors, collision cross-section factors, vibra-
: "\ T (exp(0PITe)—1)2" k'’ tional factors, the total change in translational energy, the

Lennard-Jones potential, and an intermolecular force con-
where h=6.626<10"**Js is Planck's constank=1.380  stant. Methods for determining these items are outlined by
X102 J/K is Boltzmann’s constant)® is the characteris- Tanzcod, Values for constants for the three gases of interest
tic temperature for vibration, angi is the degeneracy of the are listed in Table I, based on Tables 1.1, 3.1 and 3.2 in the
mode (listed in Table }, which is related to the geometric pook by Lambert® The values forP3~9(j,k) are given in
structure of the molecule. Table 1.

We assume that at room temperature only one-quantum  The relaxation system E@6) can be written in the vec-
collisional reactions are possible. By analogy to Landau angpr form as
Telle and Schwartzt al® we can deduce relaxation equa- _
tions for the internal energies of the four vibrational modes d7*° ib
= T ) ——=—ATY®+qT, (10
n; participating in the relaxation process of the form dt
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TABLE Il. P3=9(j k), wherej is the row numberk is the column number. 4 4

aX 10 aX 10
not used 148-005  154-006  1.12-005 h=57ppm h=338ppm
3.67%e—007 not used 0.12 0.41
6.27e—009 0.02 not used 0.05 <
1.48-007  0.21 0.16 not used s2r 32r
[=]
o]
where matrixA=A(ay,a,,a3) of the system and the vector ~ 0-——\ — 0 L —
_ ; 10
q=q(a;,a,,a3) depend on the mole fractions; of gas Jo 10 Jo
constituents according to: 4x10 4210
h=838ppm h=4112ppm
i 1 1—exp—hn/kTy)
t _“6
an Y 1 —exp(—hn /kTy) ' Sol o $of
1 1- exp( hn; /kTy) ny 11
_""51 exp(—hn, /kTo) n;’ (1D (I I ol— N
0/ 1 0 5 0 5
10 10 10 10
4 f/p(Hz/atm) f/p(Hz/atm)

1 1—exp— hn]/kTo)[ Ny

}fa" Z751 exp(—hn/kTo) |~ n;

FIG. 1. Comparison of theoretical sound absorption curves with experimen-
tal data in N—H,O mixtures for different HO concentrationgh). Symbols:
j k=1 4j +k Experimental data from Zuckerwar and GriffiRef. 16. Curves: Theoreti-

' ' cally predicted attenuation curve¥ €297 K,P=1 atm).

To summarize the calculation procedure for molecular
relaxation: The collision rateZ(j,k) and transition prob- : Tvib_ 4T
abilities P3~3(j,k) and P5~%(j k) at a given temperature (ol +ATT=qT. (19
and pressure are calculated based on(Bgand the SSH—  This equation relates the amplitudes of the internal molecular
Tanzcos theory. Then the relaxation timx—ﬁ, and7®are  temperature3"" to the amplitude of the gas temperatdre
calculated based on the constituent gas concentrations agere the rows of the matri& correspond to the vibrational
well as the collision rates and transition probabilities usingmodes under consideration, the columns correspond to the
Egs.(7) and (8). Substitution of these values into EqG40)  vibrational reactions, antlis the identity matrix.
and (11) provides a system of first order differential equa- Equations(13), (14), and(15) can be combined in ma-
tions that can be solved numerically fm}"b. Then these trix form as
values can be substituted into the fifth equation of @yfor

the total energy of the gas mixture. Finally Ed4) are By=0, y=(p,u,p, T, 71", T3", T5", "), (16)

solved as described below. whereB is an 8< 8 matrix of coefficients. These coefficients
depend on the gas concentratiap, the frequencyw, and

Il. SOLUTION PROCEDURE the coefficients of the matriA calculated for the vibrational

The calculation of the attenuation of the acoustic waveMCdesn; under consideration. Setting the determinant of ma-

in a gas mixture requires the solution of the united system of
differential equationsl) and(10), is sought in the form of a 0.04 LA
harmonic plane wave with all quantitipsp, u, €, T, andT}’Ib
expressed in the plane wave form

0.085

0.03
f=feitotho, (12)

— 0.025
wheref is the amplitude of the quantity. The subsitution of

Eqg. (12) into the system of differential equations leads to a 3 0.02
homogeneous system of algebraic equations in terms of the

amplitudes 0.015

7 T o 0.01

p T p — 1

—=—+—, —wp+pku=0, wu kp=0, T

Po To Po pbo Po XP 0.005

— —2— (13

€ Popy =0, o]

10 10 10

where f/p(Hz/atm)

= CU?_'_E aic}'ibﬁ'ib. (14) FIG. 2. Comparison of theoretical relaxation attenuation with experimental

data for CH. Symbols: Experimental data from Edmonds and L&iRéf.

. . . . . 22) (T=298.15K,P=1 atm, curve fit through data;), and Gravittet al.
Likewise, the substitution of Eq12) into the system of dif- (Ref. 24 (T=299.15 K,P=1 atm, circles Curves: Theoretically predicted

ferential equation$10) leads to the algebraic equation attenuation(lower curve 298.15 K, upper curve 299.15.K
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trix B equal to zero provides a dispersion relation, which canfABLE Il Comparison of theoretical calculations with experimental data
be solved numerically to provide as a function ofw. The  for CHa relaxation.
wave numbelk is in general a complex valué&=kg+ia.

Calculated Experimental

The real part is proportional to the reciprocal of the wave- relaxation  relaxation

length,kg=2=/\, and determines the actual speed of waveTemperature frequency frequency

propagationa= w/kg. The dimensionless attenuation coef- (K (10°Hz)  (10°Hz) Reference

ficient per wavelength igA. 382 3.10 1.89 Eucken and AybéRef. 21
To test our procedure, we compared our calculation of 298.15 1.46 0.85 Edmonds and Lartiref. 22

sound absorption in a binary,NH,0O mixture with experi- 296 1.43 1.48 Parker and Swoffeef. 23

mental re:_sults. In this case, the coefficient ma_trix is much 232'15 11.'54;3 é.'; 4 g;?t\:.la?taﬁg(gz;?za,

simpler, sincex;=0. Using the procedure described above, 0.3%N,

the attenuation can be calculated as a function of frequency

The results of the calculation are compared to the experimen-

tal data of Zuckerwar and Griffifiin Fig. 1 for four different shown in Fig. 2. The amplitude of the calculated attenuation

concentrations of water vapor. Although the theory slightlyis somewhat less than the experimental value, but clearly in

under-predicts the relaxation frequency at which the maxithe proper range. The relaxation frequency matches one ex-

mum attenuation occurs, the overall fit of the model to thePeriment quite well and is only slightly different from the

experimental results is quite good. other. Given the variability in the experimental results evi-
The vibrational relaxation of methane has been meadent in Flg 2 and Table 111, it is clear that the calculations

sured based upon reverberation experiments, acoustic resddree quite well with the experiments.

nance tube measurements, and the ultrasonic velocit

method?'~2° The experimental results at room temperaturesK/ - RESULTS

(shown in Table Il} indicate a relaxation frequency either We first consider a )W H,O—CH, mixture, when water

near 1.5<10° Hz, which agrees quite well with our calcula- vapor and methane are small additives with volume concen-

tions, or slightly less than 1:010° Hz. In two case$??*itis trations of 0.03. Evaluation of matri& at a temperature of

possible to compare results over a range of frequencies, 97 K and a pressure of 1 atm produces the relaxation matrix

1.17%+004 —2.9%+003 —715 —4.0%+003
—4.90e+003 428+008 —1.0%+008 —2.88+008
A= —96.05 —9.32+006 4.3B+007 —4.1%+007|° 9

—1.94+003 —8.36e+007 —1.36e+008 2.4@+008

Eigenvalues\; of matrix (17) define effective relaxation fre- The results in Egs(17), (18), and Table IV are for a
qguencied; = \;/27 of the ternary mixture which are equal to mixture of 3% water vapor, 3% methane, and 94% nitrogen.
f,=1860Hz, f,=2.19x10*Hz, Of course similar results can be obtained for other concen-

trations of constituents. The constituent concentration alters
the translational and vibrational relaxation timds. (6),
. . . . 7), and (8)] thereby altering the relaxation matr Thus
The corresponding normalized eigenvect®¥tsof matrix A (7) ( ).] y aftering .
the relaxation frequencies and eigenvectors can be found as

for eigenvalues,; are presented in Table IV. Elements of the . . .
. . S . functions of concentrations of water vapor and methane. Fig-
eigenvectors describe the degree of participation of a vibra-

tional mode in the relaxation of the complex. The first eigen—ulrjeegca) fshOO,:NtSh;hfoﬂigﬁﬂgﬁgﬁeo?mgﬁ,;?,Vge;tu;evlﬁgt,'?,g f(r)er—
vectorV, in Table IV indicates that the nitrogen contribution q ylion - por.

. . . : The relaxation frequency is linearly dependent on the con-
to the relaxing complex is unity. Therefore, the effective re-

: . . centration of both methane and water vapor, except at very
laxation frequencyf; can be considered as the effective re- . . .

. . o low methane concentrations. Likewise, the second lowest re-
laxation frequency of nitrogen as modified by the two small

additives of water and methane. Eigenvedfgrcorrespond-
ing to the effective relaxation frequenéy has detectable but TABLE IV. Normalized eigenvectors V; of matrix A for
small nitrogen contribution. The effective relaxing complex 94%N—-3%H0-3%CH.

comprises water and both modes of methane. The nitrogen

f4=3.12¢10 Hz, f,=8.21x 10 Hz. (18)

S ) ; A v, Vs, Vv,
contribution in relaxing complexes for eigenvectafs and
V, corresponding to effective relaxation frequencigsand N(v1) 1.000 —0.034 —0.000 0.000
f, is negligible. The effective complex fdf, is water and ~ H20("2) 0.005 0.529 0717 ~0.956

4 CHq(v3) 0.006 0.645 -0.223 -0.007
both modes of methane, whereas the relaxing compleksfor ¢y ;) 0.005 0.550 0.661 0293

is water and moda, of methane.
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FIG. 3. Dependence of effective relaxation on the concentration in a ternal J®—CH, mixture (T=297 K,P=1 atm).(a) Relaxation frequency, ; (b)
Relaxation frequency,; (c) Nitrogen contribution term of the eigenvector fbr; (d) Nitrogen contribution term of the eigenvector foy.

laxation frequencyf, is also linearly dependent on concen- dispersion relation provides the imaginary part of the wave
tration except at low methane concentrations, as shown inumbere«, which is the sound absorption, as a function of
Fig. 3(b). The reason for the nonlinearity at low concentra-frequencyw. Figure 5 shows the relaxational and classical
tions of methane is evident from the nitrogen contribution toattenuation curves of a 94%N3%H,0—-3%CH, mixture
the relaxation as indicated in the first term of the eigenvectorof gases as a function of frequency. For comparison, the
The value of this term is plotted as a function of concentrarelaxation attenuation of a 97%N3%HO and a
tion in Fig. 3¢). This term has a value near unity except at97%N,—3%CH, binary gas mixtures are also shown in the
very low methane concentrations where its value drops prefigure. Only the peak corresponding to effective relaxation
cipitously. The first term of the eigenvector related to thefrequencyf, of the ternary mixturgbold curve is evident.
contribution of nitrogen is much smaller for the second low-Effective relaxation frequencids andf, are at much higher
est frequencyf,. The plot of its value as a function of con- frequencies and the absorption related to these frequencies is
centration in Fig. &) shows a sharp change in its value atquite small. There is a slight inflection in the,NH,O—-CH,
low methane concentration. The concentration for which theurve nearf/p=10° Hz/atm that corresponds approximately
value changes sharply corresponds to the concentration foo the peak in the N-H,O curve. The major peak at relax-
which the second relaxation frequency varies nonlinearhation frequencyf, in the N,—H,O—CH, curve corresponds
with methane concentration. to the major peak in the N-CH, curve, although a slight
The third and fourth relaxation frequencies are linearlyinflection is evident in the lW-CH, curve at a lower fre-
dependent on the water vapor and methane concentration gaency, probably corresponding to the interaction with nitro-
shown in Fig. 4. In both cases, the contribution of the nitro-gen.
gen to the relaxation is so small that it does not result in any ~ For comparison, the classical attenuation due to viscos-
nonlinearity. ity and heat conduction was calculated for the gas mixture
While the variation of the relaxation frequencies with using the classical formufaThe viscosity and thermal con-
concentration is of interest with respect to the physical pheductivity used in calculations were based on physical prop-
nomenon of vibrational relaxation, the key physical result iserties softwaré® The classical attenuation ranges from 4.5
the attenuation of sound. The attenuation of sound is foun&k 107 to 4.5<10°3 for 100 Hz/atm<f/p<10® Hz/atm.
by solving for the dispersion relation of EA.6). For a speci- Thus it is clear that the relaxational attenuation is dominant
fied concentration of constituent gases in the mixture, thén the range of effective relaxation frequencigsand f,.
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FIG. 4. Dependence of effective relaxation on the concentration in a ternary
N,—H,O0—CH, mixture (T=297 K,P=1 atm). (a) Relaxation frequencys;

(b) Relaxation frequency, .
X 10° . ' _
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0.51 3 1
N 2-H 20 -
i 10° 10°

FIG. 5. Comparison of relaxation attenuation curves of a ternary
N,—H,O0—-CH, mixture with that for binary NH,O and N—CH, mixtures

N,—H,0—-CH, mixture with small HO and CH additives. Fine Solid: Bi-
nary N,—CH, mixture with small CH additive. Fine Solid: Binary ¥-H,O
nary mixture. In all cases the concentration of the small additives is 0.03. cient is a monotonically increasing function of remaining

mixture with small HO additive. Dotted: Classical attenuation for the ter-

fip(Hz/atm)
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0.03
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FIG. 6. Dependence of attenuation due to relaxation processes on small
concentrations of water and methane for ternagyMN,O—CH, mixture (T

=297 K,P=1 atm). (a) 1 kHz; (b) 2 kHz; (c) 10 kHz.

Classical attenuation dominates at higher frequencies.
Figure 6 shows the attenuation coefficient per wave-

length versus concentration of the small additives water va-
por and methane at different frequencies of the sound wave.
At a frequency comparable with the effective relaxation fre-

one of the additives is equal to zero the attenuation coeffi-

Y. Dain and R. M. Lueptow: Acoustic attenuation

quency of nitrogerf,(1 kHz) the surface of the attenuation

10
(T=297KP=1atm), and classical attenuation. Bold Solid: Ternary coefficient demonstrate nonlinear dependence on the concen-
trations of both small additives. When the concentration of

1961



TABLE V. Normalized eigenvectors V; of matrix A for  methane. At 10 kHz, a frequency between relaxation fre-
94%CH—3%H0-3%N,. : L
quenciesf,; andf,, the attenuation is more strongly depen-

A A A v, dent on methane concentration than on water concentration.
Ny(r1) 1.000 0132 0,000 0.000 Again |t. is helpful to gon3|der thg classical at.tenuatlon for
H,0(r5) 0.000 —0.524 0.734 —0.999 comparison. The maximum classical attenuation for any of
CHy(v3) 0.000 —0.650 -0.172 —0.000 the three frequencies in Fig. 6 is K@0 ° for 100%N, at
CHy(vs) 0.000 —0.546 0.657 0.010

10 kHz/atm. Clearly, the relaxational attenuation is dominant
at the frequencies shown in Fig. 6 except at very low meth-
ane and water concentrations.

additive’s concentration. The attenuation coefficient is nota  Let uUs now examine attenuation of sound in a
strong function of the concentrations of either constituenCHa—H20—N, mixture, when water vapor and nitrogen are
when the concentrations are sufficiently large. At 2 kHz,small additives. Evaluation of matri& at 297 K and 1 atm
slightly above the lowest relaxation frequerfgy the attenu-  for a 94%CH-3%H,0-3%N, mixture produces the relax-
ation almost linearly depends on concentrations of water andtion matrix

2.37%+005 —2.9%+003 —2.24+004 -—-1.27+005

—157 1.34+010 -3.31e+009 —9.0le+009
A= . 1
-3.07 —9.32+006 1.12+009 -1.30e+009 (19
—61.8 —8.36+007 —4.28+009 5.1@+009
|
The effective relaxation frequencies are relaxation is quite small compared to the attenuation at 150
kHz, which is quite close to the effective relaxation fre-
f,=3.77<10°Hz, f,=1.40x10° Hz, quency f,. The maximum classical attenuation over the

(20 range of concentrations is %90 °at 10 kHz, 4.4 10 % at
150 kHz, and 2.8 10 2 at 1 MHz. Thus the classical attenu-
ation is quite small compared to the attenuation due to relax-
ation at the two lower frequencies. However, at the higher

The corresponding normalized eigenvect¥isof matrix A frequency, the classical attenuation is the same order as the
for the eigenvalues are shown in Table V. Nitrogen plays §g|axational attenuation.

primary role only in the lowest relaxation frequency. The
higher relaxation frequencies result from the relaxing com-
plex of methane and water. In Fig. 7 only one peak corre-
sponding to the effective relaxation frequenfgy=1.4x 10° 0.028}
is evident in the attenuation curve for the ternary mixture.
The peak can be attributed to the relaxation of a water- 0.024}
methane complex modified slightly by the presence of nitro-
gen. The effective relaxation frequencies f;, andf, do 0.02f
not play a significant role. The relaxation attenuation curves
of a 97%CH-3%H,0 and a 97%Cl-3%N, binary gas 50016}
mixtures merge and are similar to the attenuation of a ternary

f3=9.75x10°Hz, f,=2.15x10°Hz.

mixture, indicating the dominant role of methane. The de- 0.012r

pendence of the effective relaxation frequerigyon the ni- 0.008k

trogen and water vapor concentrations is quite small, varying

by only about 2% over 0% to 3% GHand 0% to 3% M. The 0.004}

classical attenuation is negligible in the range of effective

relaxation frequency,, but dominates at higher frequencies. 0 — - —
Figure 8 shows the attenuation versus concentrations o 10 10 10 10

the small additives water vapor and nitrogen at different fre- f/p(Hz/atm)

quencies of the sound wave. The attenuation linearly degic. 7. Comparison of relaxation attenuation curves of a ternary
pends on concentrations of water and nitrogen for all fre-CH,~H,0—N, mixture with that for binary Ci#-H,O and CH—N, mixtures
quencies, although the variation in attenuation is quite smallT=297KP=1atm), and classical attenuation. Bold Solid: Ternary

. . : _ CH;~H,0-N, mixture with small HO and N, additives. Fine Solid: Binary
At 10 kHz, which is much smaller than the effective relax CH,;—N, mixture with small N additive and Ck-H,O mixture with small

ation freq'uenCSva a""d at 1 MHz, which is much ]arger than H,O additive. Dotted: Classical attenuation for the ternary mixture. In all
the effective relaxation frequendy, the attenuation due to cases the concentration of the small additives is 0.03.
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nitrogen

0.03

0.01

nitrogen

0.03

0.01

0.01

nitrogen

(c) water 0o

ter vapor, and methane where either nitrogen or methane has
been the dominant component of the mixture. The relaxation
frequencies that were calculated are strongly dependent on
the concentration of small additives, even though the concen-
tration of small additives never exceeded 3%. Two relaxation
frequencies appear for a mixture that is primarily nitrogen,
although one is so strong that it overwhelms the other. Only
one relaxation frequency resulted for the attenuation of the
gas mixture that was primarily methane.

The important role of small additives is also evident in
the acoustic attenuation resulting from the relaxation pro-
cesses. In the case where nitrogen is the primary component,
the attenuation is strongly dependent upon the small concen-
tration of the additives. The influence of additives on the
attenuation in a gas mixture that is primarily methane is
much smaller. Nevertheless, the attenuation due to relaxation
processes is much larger than that due to classical attenuation
at low frequencies.

The analysis in this paper makes it clear that the theory
of vibrational relaxation can be extended to multi-component
mixtures to calculate the attenuation of sound. The weakest
portion of the model is the estimation of the transition prob-
abilities in SSH-Tanczos model where the quasi-classical
approximation was used for the Lennard-Jones potential at
relatively low temperatures. More realistic collision potential
functions and the use of molecular dynamics to determine
transition probabilities could significantly improve the
model. Nevertheless, the model provides a theoretical means
to investigate the influence of various conditions including
temperature, pressure, and constituent gas concentrations on
relaxational attenuation.
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